DYNAMICAL TRAJECTORIES: THE MOTION OF A PARTICLE 
IN AN ARBITRARY FIELD OF FORCE* 


BY 


EDWARD KASNER 


The object of the present paper is to work out for space of three dimensions 
a geometric theory analogous to that given for the two-dimensional case in an 
earlier paper. + 

We consider a particle moving freely in space under the action of any posi- 
tional force, and write its equations of motion in the form 


where the dots indicate derivatives with respect to the time. The functions 
¢, ¥, x are assumed to have partial derivatives of first and second order in 
the region of space considered. The case where the force vanishes everywhere 
is excluded. 

The motion of the particle is determined when its initial position and initial 
velocity are given. By taking all possible initial conditions we obtain a definite 
quintuply infinite system of trajectories. Our object is to study the properties 
of such systems of curves with a view to obtaining a complete geometric charac- 
terization. The main result is stated in article 39 at the end of the paper. 

The first properties derived are consequences of the elementary fact that the 
osculating plane at any point of a trajectory is determined by its initial direc- 
tion and by the direction of the force (articles 4-11). The next set relate to 
osculating spheres.{ With each lineal element there are associated 0oo' osculat- 
ing spheres whose centers lie on a straight line (articles 12-15). The straight 
lines corresponding to all the elements at a point form a congruence of order 
one and class three determined by a twisted cubic curve (articles 16-23). The 
properties obtained at this stage belong to a more general class of curve systems 
than the dynamical class. The final characterization is attained by introducing 
certain related systems of plane curves, here termed S-systems, which have all the 
_ * Presented to the Society September 6, 1906. Received for publication December 12, 1906. 

t The Trajectories of Dynamics, Transactions of the American Mathematical So- 
ciety, vol. 7 (1906), pp. 401-424. We shall refer to this as Trajectories. 


t Properties I,, I,, and II of the present paper were given ina note published in the Bulletin 
of the American Mathematical Society, vol. 12 (1905), pp. 71-74. 


Trans. Am. Math. Soc, 10 135 


‘ 
if 

j 

4 
om 
q 
af 

| 

{ 

| 


136 EDWARD KASNER: DYNAMICAL TRAJECTORIES; THE MOTION [April 


properties of plane systems of trajectories (articles 29-39). The S-system in a 
given plane may be obtained dynamically by constructing, at each point of the 
plane, the component of the force (1) acting in that plane; the two-dimensional 
field thus derived generates the required system. 

It will be seen that the spatial properties are not direct extensions of those 
given in the plane theory; and that the present theory requires the previous 
discussion of the two-dimensional case. The earlier theory is thus not absorbed 
by the present paper. 

The logical relations of the various properties are settled by converting the 
main theorems, thus bringing to light general systems of curves of interest 
apart from their connections with dynamics. Of the incidental results we men- 
tion only the interpretation of the curl of the force given in article 21, and the 
special characterization of conservative forces in articles 22 and 40.* 


DIFFERENTIAL EQUATIONS OF THE TRAJECTORIES 


1. In order to derive the geometrical properties of the trajectories, it is 
necessary to eliminate the time. We distinguish the two types of derivatives 
involved by means of dots and primes. Thus 


(2) 


The geometric derivatives may be expressed in terms of the kinematic as follows: 


y ” xy — ” — 20 


Combining these equations with (1), we obtain two expressions for <x’, namely 


Thus one result free from the time is 

(5) 


Differentiating equations (4) with respect to x, we find two other equations 


*The transformation theory given at the conclusion of Trajectories (articles 26-29) may be 
extended to space, but is not considered in the present paper. In the discussion of the APPELL 
transformation (article 30), the formulas should be expressed, not in terms of the times ¢ and t,, 
but, as in APPELL’s treatment, in terms of the differentials dt and dt,. The finite representation 
of page 423 yields merely the affine transformation. The appropriate converse question was 
solved by PAINLEVE, Journal de Mathématiques (1894). 


dx __ dy dz 
, dy , de 
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free from the time, 


(6) (¥ ‘p) + + ” 

Y Vetyy, 

(7) (x—2o)2”" =! yo 2” — 32”, 


X, + 2X, 
where the subscripts denote partial derivatives. 


The quintuply infinite system of trajectories is completely represented by the 
equations (5) and (6). We write these in the form 


(8) 2 
= Py’ + Qy’", 
where 
$,+y¢,+ 2%, 


All other equations between the geometric derivatives, including (7), are indeed 
consequences of (8). This may be seen from the fact that a trajectory is com- 
pletely determined by the assignment of the initial values of «, y, z, y', 2, y’; 
for this is equivalent, according to (4), to the assignment of initial position and 
initial velocity. The corresponding values of z”, y” are given by (8), and those 
of z”, y"", 2, ete., are obtained by successive differentiation of (8). 


2. It will be convenient, in part of the subsequent discussion, to define the 
force whose components are ¢, y, x by the functions 


(9) = log ¢. 
The first two of these define the direction of the force; the equations of the 
lines of force are, in fact, 
(10) dx:dy:dz = 1:0,:0,. 
The third depends upon the intensity of the force, and ae defines it 
when the other two are known. 

The coefficients in the fundamental equations (8) may now be written. 
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_ By differentiating the first equation (8) and combining with the second, we 
obtain 

z = Ky +K =(P+ + 
This may be written in the form 
(10) 2” = + 
where 


, 
—@, 


o, 
and is, of course, equivalent to (7). 

3. It may be shown, as in Trajectories, that if two fields ¢, yy, x and 
$,, ¥,s X,» lead to the same trajectories, that is, the same equations (8), then 
they can differ only by a constant factor. The system of trajectories thus 
determines the field.* 

OSCULATING PLANES. 

4. Property I. The osculating plane of a trajectory at a given point is 
determined by its initial direction and by the direction of the force acting at the 
given point. This familiar fact is easily verified analytically by noting that the 
general equation of the osculating plane is 


(11) 


where the current codrdinates XY, Y', Z refer to axes passing through the given 
point. This is satisfied, in virtue of (5), by X:V¥:Z=¢:y:x. 
Property I.— The osculating planes of all trajectories passing through 
a given point form a pencil. 
The axis of the pencil has the direction of the force acting at the given point. 
5. Converse of I. It is easy to determine all quintuply infinite systems of 
curves possessing property I. Let the direction, fixed for each point, be defined 
by the ratios 
1:0,:@,, 
where @, and , are arbitrary functions of x,y,z. By hypothesis, the osculat- 
ing plane (11) passes through this direction for all possible values y’, z’, y’’, 2”. 
Hence 
10 
1 y 2 |=, 
0 2" 
*A geometric construction of the field will appear in a later paper, The inverse problem of 
dynamics. 


IX Z 
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which gives 


Conversely, when this relation is fulfilled, the curves have the required prop- 
erty. Hence: 

All quintuply infinite systems of curves possessing property I are repre- 
sented by differential equations of the form 


(12) 


The result thus contains two arbitrary functions @,, w, of «, y, z and an arbi- 
trary function f of the six arguments indicated. 

6. Property I,. Before proceeding to essentially new properties, we derive 
a few corollaries of interest. If the initial position and direction, fixed by the 
values of #, y, z, y’, 2’, be given, then y” is arbitrary and we thus have oo’ tra- 
jectories. For these we may state the elementary result : 

The o' trajectories corresponding to a given lineal element have (at the given 
point) a common osculating plane. 

7. Property I,. The torsion of any curve is given by the general formula 


1 ” 


Yur 
P (yy +22" +2 +2") 


For trajectories, we have 


(13) 


= Ky’. 
Hence 
where 
— @,) — (y’ — 
Introducing these values in (13), we find 
— 


This does not involve y” or 2”. Hence the result : 

The o' trajectories determined by a given lineal element have (at the given 
point) the same torsion. 

8. Converse of I, and I,. These properties hold not only for dynamical 
systems, but for the more general systems (12). They are thus consequences 
of I and might in fact have been derived synthetically from it. The converse, 
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however, does not hold. There are in fact systems possessing both I, and I, 
(for all lineal elements) but not possessing I. We omit the discussion and state 
the result : 

A system of space curves possesses property I, when the relation between 
z’ and y’” is of the form 
(15) h(a, y, 2,752 )y" 


where k is arbitrary. It also possesses property 1, provided the function k 
satisfies the equation 
(16) ky, kk, 0. 


The function A, appearing in (8) and (12), is seen to be a special solution 
of (16). 

8’. Related helices. At each point of a space curve it is possible to con- 
struct a unique helix having in common with the given curve its direction, its 
osculating plane, its curvature, and its torsion.* We term this the related 
helix. If the current codrdinates XY, I’, Z refer to axes determined by the 
tangent, principal normal, and binormal at the given point, then the axis of 
the helix is given by the formulas 


rp” xX r 
(17) 39 | 
where 7 and p are the radii of curvature and torsion respectively. 

Consider now the oo! trajectories passing through a given point in a given 
direction. These have a common osculating plane and a common torsion. The 
curvature varies from curve to curve. The elimination of r from (17) gives 


(18) Z)+pXZ=0. 


This is recognized as PLiickeEr’s normal equation for a cylindroid.+ Hence: 

The «' trajectories determined by a given lineal element give rise to related 
helices whose axes generate a cylindroid. . 

The discussion shows that this holds for the more general systems obtained in 
article 8. The result is thus a consequence of I, and I,. 

9. Distribution of torsion. In article 7 it was dome that for each lineal 
element there is a definite value of p. If we consider the oo” elements at a 
given point, they will subdivide into sets of oo' according to the values of the 
parameter a If p has a given value, say c, the corresponding elements are 


*Scuervens, Theorie der Curven, p. 197. The contact is not of the third order unless dr/ds 
vanishes. Only in this case does an osculating helix exist. 

t Acylindroid presents itself in a different connection in SCHEFFER’s discussion (1.c., p. 196). 
There r is fixed, while p varies. The elimination of p from (17) leads to Y(X?+ Z?)—rZ?=0. 
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found, from (14), to be 

z+o, yo, 

The elements thus determine the cone aii “i 


(20’) (o, 


Y-—o,X wo, X+o, 

Z—o,X o, X+o, 
The trajectories which pass through a given point and have there the 

same torsion are arranged so that their initial directions form a quadric cone. 


10. When the given torsion is zero, (20°) becomes 
|\Z-—0,X X+ o,, + o, Z| 
In this case the osculating plane has four, instead of three, consecutive points 
in common with the curve. 

Of the 2° trajectories through a given point there are 0° with hyperoscu- 
lating planes. The lineal elements of these trajectories generate the quadric 
cone (21). 


11. By varying ¢ in (20’) we obtain a pencil of cones. It may be shown that 
all pass through the element defined by the ratios 


(22) 1:0,:@,, 
and that along this element they have a common tangent plane 
1 o, o, 
(23) @,, + @,@, + + + 0,0, = 0. 
x Z 
The element (22) has the direction of the line of force and the plane (23) is the 
osculating plane of the line of force. 
OSCULATING SPHERES. 


12. The properties thus far obtained are consequences of property I. To 
obtain independent properties we now consider osculating spheres. If we take 
the given point as origin and let X, VY, Z denote the codrdinates of the center 
of the sphere, the equation of the sphere is 


ey? + —2Ny—2Z2=0. 
The conditions for osculation with a given curve are 
(24) +2", 
+22’). 
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From these we obtain the general formulas 


x me! + + 2”) - 3 + 22”) 
2” 2” ’ 


af” 82” ( y +2 , z") 


— 


(6) + 


— 

13. Property II. Consider the oo' trajectories determined by a given lineal 
element. For these is arbitrary and 2’, are determined as functions of 
y’” by the fundamental differential equations (8) and the derived equation (10). 
If we substitute these values in (25) or, as is more convenient, in (24), we may 
eliminate the parameter y” and obtain two relations between XY, VY, Z. One of 


these is already given by the first equation (24); the other is found to be 
(26) PY+KPZ+ + K¥)=0. 


The coefficients in both these equations are constants since they depend only 
upon the given lineal element. Since the equations are linear in XY, Y, Z, we 
have 

Property II. The osculating spheres of the ' trajectories passing through 
a given point in a given direction have their centers on a straight line. 

The straight line is necessarily in the plane perpendicular to the given direc- 
tion at the given point, i. e., in the common normal plane of the oo! trajectories. 
Since the spheres all pass through the given point, it follows from the above 
that they pass through a common circle. Hence property II may be restated in 
this form: 

The osculating spheres of the «' trajectories described above form a pencil. 


14. Converse of Il. It is clear that II is independent of I. In fact the 
proof of I depended upon only the first of the fundamental equations (8), while 
that of II involved also the second. 

We now find all systems of curves possessing I and II. By article 5 the dif- 
ferential equations are necessarily of the form (12). It remains to determine the 
form of the function f. The hypothesis is that for each lineal element the 
locus of the centers (X, VY, Z) of the osculating spheres shall be a straight 
line. Since the centers are necessarily in the plane normal to the element, the 
equations of the straight line may be taken in of the form 


A,X+A,¥+A,Z+ A,=9, 


| 
| 
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where the coefficients A involve x, y,2z, y’, 2’ in any way. Substituting the 
general values (25) in the second of these equations, we find a relation of the 
form 

)—3(B,2”"— (y'y +22") 4+ —2"y")=0, 
where the B’s involve only x, y,z, y',2’. Introducing the values of z’, y” 


given in (12) and the value of 2” found by differentiation, we obtain 


= Gy’ + Hy”, 


where G and // are functions of x, y, z, 7’, 2’. 

It is easy to verify that this condition is sufficient, that is, that property II 
holds for all values of G and H. Hence: 

The most general quintuply infinite system of space curves possessiny prop- 
erties I and II is defined by equations of the form 
@, 
the result thus involves two arbitrary functions @,, @, of x,y, z, and two 
arbitrary functions G, H of x, y,2,y', 2: 


15. Correspondence of centers. We now prove a property which holds not 
only for dynamical systems but for the general systems just obtained. 

For each of the co! curves corresponding to a given lineal element we may 
construct a circle of curvature and an osculating sphere. Denote their centers by 
O' and O” respectively. By property II the locus of O” isa straight line. The 
locus of O’ is evidently also a straight line, namely, the principal normal which, 
by property I,, is common to all the curves. We now prove that the ranges 
described by O' and O” are similar. 

Take the given point as origin and the given initial direction as that of the 
axis of abscissas. Then the distance from O' to the given point, that is, the 
radius of curvature, is found to be 


(28) 

The ordinate of O” is 

(29) 

Eliminating y”, we obtain a relation of the form 
Z=ar+b, 


which proves the result stated. In the dynamical case the property may be 
expressed as follows : 


Ag 

{ 


144 EDWARD KASNER: DYNAMICAL TRAJECTORIES; THE MOTION [April 


If a particle is projected from a given point in a given direction, and if 
for each of the 2 trajectories obtained by varying the initial velocity we con- 
struct the center O' of the circle of curvature and the center O" of the osculat- 
ing sphere, then the points O' and O” describe similar ranges. 

There is no difficulty in proving this synthetically as a consequence of I and IT. 


THE CONGRUENCE (2. AND THE CuBic 


16. Equations of 2. We have seen that tc each lineal element there cor- 
responds a definite straight line, the locus of the centers of the osculating spheres. 
If the point is kept fixed and the direction of the element varied, then oo” of 
these straight. lines are obtained. What is the character of the congruence 2 
thus generated ? 

The equations of the straight line corresponding to a given element, found in 
article 18, may be written 


X¥+y¥+7Z=0, 
(80) |1 $ 1 


Here wx, y, z have fixed values and 7’, 2’ are arbitrary parameters leading to the 
oo” straight lines of 2. The quadratic terms in y’, z’ may be eliminated by 
combining the equations, giving the result : 

The congruence Q is defined by the equations 


(31) AX+BY+CZ=3D, 
where 
31’) A=y$,+ 2¢,, B=, + 2% 


17. The cubic curve T. If the values of X, Y, Z are given, then, since the 
equations (31) are linear in the parameters, they will determine, in general, 
unique values of 7’, z’. Hence the congruence is of order one. 

The equations (31) may be written in the form 
(32) X + ¥y' + =0, a+ By’ +2 =90, 
where 
a= 

+x,2—34, 
+ (x.— $,) 2 — 8x. 


Hence the element corresponding to a general point X, Y, Z is given by the 
formulas 
(33) dx: dy:dz=A,:A,:A,, 


‘ 
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where 
A,= 
A,=XB— Ya=¢, (¥,—$,) Y+x, XZ—3WX—y, 


The point X, VY’, Z will be singular if the equations (33) do not determine 
the element. This will be the case when 


(34) A, =4,=4,=0. 
From the identity 
(35) XA, + VA,+ ZA, =0, 


which is readily verified, it is seen that (84) represents a cubic curve. 

The singular points of the congruence QD form a twisted cubic curve. 

It will be convenient to have the equations of this curve [ in parametric 
form. These may be found by expressing the fact that for a singular point the 
equations (32) differ only by a factor X. Hence the required parametric equa- 
tions are 


(36) $,X+(¥,—¢, +x,Z=8y, 
+ (Xx: — >, + 3x- 


The explicit expressions for XY, V', Z as cubic functions of the parameter 2 will 
not be needed in the following discussion. 


18. Property III,. We now may prove that the congruence 2 is completely 
defined by the curve I’, by showing that every straight line of 1 has two singu- 
lar points, that is, is a secant of I’. 

Since any element may be made to take the direction of the axis of abscissas 
by revolving the axes, it will be sufficient to prove the statement for the single 
element 7’ = 0,2’=0. The corresponding straight line, by (31), is 


X=0, 
It is easy to verify, by using either (34) or (36), that this line has two points 


in common with [’. 

Property III. The straight lines which correspond, according to prop- 
erty II, to the co” elements at a given point, form a congruence which is com- 
posed of the secants of a twisted cubic curve, 


19. Property III, The preceding article associates with any given point a 
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definite cubic [T. From the equations (34) it is seen that the curve passes 
through the given point, which is there taken as the origin of the XY, Y, Z 
coordinates. In the parametric representation (36), the origin is given by the 
value A= oo. The direction of the curve at that point is found to be given 
by the ratios 6: y: x; it is therefore the same as the direction of the force act- 
ing at the given point. This direction is defined geometrically in connection 
with property I. We may, therefore, state the new property as follows : 

Property III,. The cubic curve T', associated by property U1, with any 
point, passes through that point in the direction of the axis of the pencil of 
osculating planes described in property I. 


20. Quadrics through T. Consider the oo” trajectories passing through a 
given point and having initial directions in a given plane. The lineal elements 
thus satisfy a linear relation 
(37) + bdy +edz=09. 


It follows, from (33), that the corresponding centres XY, VY’, Z satisfy the 
equation 
(38) aA, + bA, + cA, = 9. 


The locus of the centers of the osculating spheres of the «* trajectories 
touching a given plane at a given point is a quadric surface. 

The quadries (38) are in fact the linear system of quadrics passing through 
the eubie curve [. The result is really a corollary of the previous properties 
and may be derived synthetically. The straight line corresponding to a given 
element is obtained by constructing the plane perpendicular to that element at 
the given point; this plane cuts [ in two new points; the line connecting these 
is the required line. If then we take the pencil of elements determined by a 
plane through the given point, the corresponding normal planes form a pencil ; 
hence the corresponding straight lines form a regulus. This determines a 
quadrie of the linear system (38). 


21. Interpretation of the curl. To each plane (37) through the given point 
there corresponds a definite quadric (88). For which planes will this quadric 
be a rectangular hyperboloid ? 

The condition for such a quadrie is that the sum of the coefficients of 
X?, ¥*, Z shall vanish. This gives 


(39) a(v,—x,) + (x, — + — ¥,) = 9- 


This means that the plane (37) must contain the fixed direction defined by 
the ratios 


{ 
| 
4 
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These three quantities are the components of the curl of the force ¢, y, x. 
Hence: 

The direction of the curl of the force at any given point is defined geomet- 
rically by the fact that the quadrics corresponding, according to article 20, to 
the planes containing this direction are rectangular hyperboloids. This is 
not the case for any other planes through the given point. 


22. Conservative force. The force is conservative when, and only when, 
the curl vanishes identically. In this case condition (39) holds for all values 
of a,b,c. Hence the quadric corresponding to any plane is a rectangular 
hyperboloid. The cubic curve I is then of a particular species which may also 
be termed rectangular. Its definitive property may be expressed in simple form: 
the three asymptotic directions of the cubic are mutually orthogonal. 

Our result is thus a purely geometric characterization of the conservative case: 

When, and only when, the force is conservative ure the cubic curves T, cor- 
responding to all points of space in accordance with property III,, of the rect- 
angular species. 


23. Converse of III. Our next problem is to determine all curve systems 
possessing properties III, and ITI, in addition to I and II. It will be convenient 
to refer to the joint statement of III, and III, as property III. The discus- 
sion will show incidentally that III is independent of I and II. 

The most general system for which I and II hold was proved in article 14 to 
be represented by equations of the form (27), namely, 


(41) 2” Ky’, y” Gy" + Hy”. 


The straight line corresponding to a given element is here determined by the 
equations* 


(42) MY+NZ+1=0, 
where 
+ Kz) 

The problem is to determine the form of the functions G and //, or, what is 
equivalent, of the functions Mf and NV, so that property III shall also hold, that 
is, so that the congruence (42) shall be of the particular type described in III, 
and ITI,. 

Let the equations of the cubic associated with the given point, which we take 


* In the dynamical case these reduce, of course, to equations (30). 


| 
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as origin of the hemogeneous cartesian codrdinates X, Y, Z, 7’, be, in para- 
metric form, 
(43) 
d,. 
The curve is to pass through the origin by III,. We may take the parameter 
so that X = co shall correspond to this point. Therefore 
(44) a,=b,=c,=0. 
The directional property involved in III, requires further that 
(45) @,:b,:¢, == 1:0, :@,. 
We may therefore take our cubie curve in the form 
(46) 3 ( dg 2 bp = 1:0, 20). 
The coefficients a, b, c, d may involve x, y, z in any way. 
If we substitute these values in (42), we find 
(47) L,=9, 


where 

(47°) L=at+yb+2¢, L=a+yb,4+2¢, L,=a,+y'b,+ 2'¢,; 
and 

(48) + (Mb, + Ne, + + (Mb, + Ne, + 


The condition that the line (42) shall intersect the cubic (46) in two points is 
that the equations (47), (48) shall have two roots X in common. This gives two 
relations 


L,(6,£,)M + L,(¢,L,)N= L,L,—L,(d,L,), 
L,(6, L,)M+ L,(¢,L,)N= L,(d,L,), 
where the parentheses represent determinants 

(49’) (6,L,) = 6, L, — b, L,, ete. 

in terms of their principal diagonals. 


(49) 


| 
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The solution of (49) gives, after some reduction, 


(abe) L, 
L,(b,L,) — L,(6,L,) + 


(abe) L, 


Arranging these with respect to y’, z’, we find that the functions W/ and 1 are 


necessarily of the form 
3(1 +, y + @,2') 


ny + nz +2 (hy +42) 
3(1+4+ + @,2’) 


where the coefficients 7, m, n involve only x, y, z. 

Conversely, any functions of this form lead to a system (41) with the maid 
properties. The congruence (42) may, in fact, for these values of M and 1, be 
put into the form 


M= 


(50) 


(51) 


X+yV¥4+7Z=0, 
(52) my + mz) P+ (n+ 
=3(1+ 0,7 + 0,2’). 


A discussion entirely analogous to that given in articles 17 and 18 shows that 
the congruence is defined by the cubic curve 


mY+n,Z7+3 _ mV + m,Y+n,Z—1,X4+ 30, 


This passes through the origin in the direction 1: @,:@,, hence property III 
holds in its entirety. Our result may be stated as follows: 

The most general quintuply infinite system of curves with properties I, II 
and III is represented by equations of the form 


(54) 2” = Ky’, y” = Gy" + Hy”, 
where 


(54’) K= 


— 
y — 
and G and H are defined by the relations 


G:KG+K':H(1 +2")—8(y' + Kz’) =m, + m,y +m,z 
(Ly + m+ + (ly +1,2):3(1+0,y'+ @,2’). 
The system thus involves ten arbitrary functions of x, y, z, namely, 


(54") 


(55) @,, 1,5 Mz, Nyy Nye 


| | 

| 
| 
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RELATIONS BETWEEN THE TEN COEFFICIENTS. 


: 24. The dynamical systems, defined by equations of the form (8) in connec- 
; tion with (8’) or (8”), involve only three arbitrary functions ¢, y, X and thus 
a constitute a special case of the systems obtained in the preceding article. The 
question then arises, what is the special nature of the ten functions (55), which 
appear as coefficients in the equations (54”), if the system (54) is to be of the 
q dynamical type ? 

q Comparing the equations (52) with the corresponding equations (31), (31’) of 
the dynamical case, and introducing the functions o,, @,, ® defined by (9), we 
find that 


L=®, @®., 
(56) m, = m, = P,—o, m, = —o, —o, 
—o,, n, =—o, —o,P , nr, = —o, —o,®.. 


In order that the ten functions (55) shall belong to a dynamical system it is 
necessary and sufficient that they shall be expressible in terms of three functions 
w,, @,, P according to (56). 


25. The explicit conditions may be obtained by eliminating ® from (56). 
The algebraic elimination of ®_, ®,, ®. yields five relations, namely : 


n, +o, + ,1,=0, 


(57) m n 
M, + + @, 1, =n, + + 0,1, = — 
1 2 


Furthermore, from (56) we obtain the equations 


Mm, + n, + @ 


for which the conditions of integrability may be written 


n, + @ m, + 
| (69) 4,-4,=9, i, + mo, 1, ) 


2 1 


26. We heave thus obtained eight necessary relations (57), (59). We now 
prove that these are also sufficient. Suppose that any ten functions satisfying 
these relations are given. Then, on account of (59), the equations (58) will be 
consistent ; hence a function ® can be determined.* It is then easily verified 

that, on account of the relations (57), the equations (56) hold. 


- *The integration constant involved enters additively in #. Hence, from (9), the force 
o, W, x is determined except for a constant factor. This agrees with the result stated in article 3. 


| 

| 

| 
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In order that a system of curves with properties I, I, and II, that is, a 
system defined by equations of the form (54), (54), (54”), shall be of the 
dynamical type, it is necessary and sufficuent that the ten functions (55) shall 
satisfy the relations (57) and (59). 


27. Preliminary interpretation. It remains to interpret the relations (57), 
(59) geometrically. For any system of curves with properties I, II, III there 
is associated with each point x, y, z a definite cubic curve I’, whose equations 
are given by (53). The association of point and corresponding cubic is fixed 
by the functions (55). Any relation between the functions is thus equivalent 
to a restriction on this association. It would in this way be possible to derive 
a direct geometrical interpretation of the relations (57), (59) which express the 
character of the association in the dynamical case. However, the result thus 
obtained is quite complicated and we shall not state it. A simple geometric 
interpretation will be obtained indirectly in the subsequent discussion of asso- 
ciated S-systems. 

28. We derive first a property which is equivalent to two of the eight relations 
(57). According to article 13 there corresponds to any element (y', 2’) at a 
given point a definite straight line. Consider now the particular element (@, , @, ) 
whose direction is that of the force acting at the point. By taking the axis of 
abscissas in this direction, we find that the corresponding line is represented by 


(60) X=0, o, Z=3. 


The perpendicular distance from the given point, here taken as the origin of the 
X, Y, Z system, to this line is 
3 


Vai, + 03,” 
On the other hand the radius of curvature of the line of force (10) passing 
through the given point is, under the assumed conditions, 

Voi, + 
that is, just one third of the perpendicular distance. 


The direction of the straight line (60) is also simply related to the line of 
force. The osculating plane of the latter is 


Y—o, Z=90. 


It is thus perpendicular to the line (60). The results may be stated as follows : 
The straight line which corresponds, in accordance with property I, to a 
lineal element belonging to a line of force is parallel to the binormal of the 
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line of force; and its perpendicular distance from the given point is three 
times the radius of curvature of the line of force. 

This may be stated in purely geometric form by replacing the direction of 
the force by that of the axis of the pencil considered in property I. It is 
found that the results hold for all systems in which the functions (55) satisfy 
the conditions 


{m, + + m,@, + w, (7,0, + 1,0,)}?+ {n, + + n,0, + @,(1,@, + /,0,)} 4 
+ @,®,, + @,@,.)° + (@,, + @,®,, + @, @,,)” 


(61) 


1 @, @, +, + @,@,. 


1+; + + @,@, + @,0,. 


(62) |r. + + + M,@, + M,@, + o, (1,0, + 1,@,) 
| 


+ + @,@,. n, + n,@, + 2,0, + @,(1,0,+1,0,) 


These are, in fact, consequences of the relations (57), though of course the con- 
verse is not true. The property stated in this article thus holds not only for 
dynamical but for more general systems. Its addition to I, II, and III will 
therefore not yield a complete characterization of the dynamical type. 


THE ASSOCIATED PLANE SYSTEMS S. 


29. Definition. To reach the desired characterization we introduce certain 
plane systems of curves which may be associated with any quintuply infinite 
system of space curves. 

Consider any plane 7. Through each point of 7 there pass 07 curves of the 
given system which are tangent to 7. Project the differential elements of the 
third order belonging to these space curves orthogonally upon 7, thus obtaining 
oo” plane differential elements of the third order at the selected point. Apply- 
ing this process to all points of 7, we have a definite system of oo‘ differential 
elements of the third order. These elements define a certain differential equa- 
tion of the third order and thus determine oo* integral curves. These form 
what we shall term the associated S-system in the plane 7. 

The system S is easily determined analytically. Let the given plane 7 be 
taken as the xy plane, and let the equations of the arbitrary quintuply infinite 
system be 


(63) 


= f(x,y, 2, 2; y’)- 
Then for the lineal elements contained in 7 we have 


, 


z=0, 


| 
4 
a 
|| 
4 
j 
{ 
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Hence the differential equation of S is 


There will be in all 20° of these triply infinite systems S, namely, one for 
each plane of space. Any geometric property of these systems is at the same 
time a property of the original space system; for the former are determined 
geometrically by the latter. 


30. We apply this notion to the dynamical systems and obtain: 
Property IV. The plane systems S associated with any quintuply infinite 
system of dynamical trajectories are of the (two-dimensional ) dynamical type. 
To prove this it will be sufficient to consider the S-system associated with the 
vy plane. Applying the. method given in the preceding article to the equa- 
tions (8), or, as is equivalent, to the equations (5) and (6), we find that the 
system is defined by 
| 
y 
where ¢, W are functions of a, y obtained from ¢, W by substituting 0 for z 
This is precisely the equation of the trajectories generated by the plane field of 
force whose components are ¢, ¥.* The force acting in the plane is seen to be 
derivable by orthogonal projection from the given force (1). 


3 dy”, 


31. The geometrical properties of plane dynamical systems are given in the 
paper already cited. We shall number the properties as in that paper, but dis- 
tinguish them from the spatial properties already obtained by attaching a sub- 
script p. As the characteristic set we may take + 


(67) I,, Il,, V,, VI,. 


Property 1V, given in article 30, may thus be restated in purely geometric 
form as follows: 

Property IV. The systems S associated with any quintuply infinite sys- 
tem of dynamical trajectories possess the plane properties I, , I1,, V,, V1,. 

It thus may be broken up into five distinct statements, of which the first, for 
example, would be: Every S-system is such that the osculating parabolas (con- 
structed at the common point) of the oo' curves passing through a given point 
in a given direction have their foci located on a circle passing through the 
given point. 
Of. Trajectories, p. 403, formula (5). 

+ Loc. cit., p. 417. 


| 
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32. Converse of I,. The object of the remaining discussion is to show that 
the addition of property IV to properties I, II, III gives a set which completely 
characterizes the dynamical type in space. We must therefore examine the 
effect of adding successively the properties (67) to I, Il, Ill. The first result 
is this: 

If any quintuply infinite system of space curves possesses properties I, II, 
then the associated S-systems necessarily possess property I, . 

This is proved by noting that the condition for I, is that the differential 
equation of the plane system shall be of the form * 

(68) t+ 
That the S-system is of this type is seen from the equations (27), which repre- 
sent the most general system with properties I and II. 

It is thus shown that I, is redundant, in the sense that it is a consequence of 
preceding spatial properties. 

33. Converse of II,, III,. In order that the system (68) shall have proper- 
ties II,, IL,, it is necessary that the G and H shall have the special forms + 


(69) 
y-@ 


where A, #, v, @ involve x, y only. 

We now determine under what conditions a system with properties I, II, and 
III, that is, a system whose differential equations are of the type defined by 
(54), (54), (54”), will have associated S-systems possessing properties 
This is to be the case, of course, for the S-system in every plane. 

Consider first the planes parallel to the xy plane. The systems S are then 
found by substituting 0 for 2’ and an arbitrary constant for z. By making use 
of forms (69) in connection with (54”), we find 


m, + + Ly” = dy" + wy’ +2, 


(70) w, + py’ +7) +(¥ 


The elimination of A’, «, v then gives 


m, + @,, +(m, + +hy | 
— + @,, + (n, + @,,)y 


* Trajectories, article 13. 
t Loe. cit., articles 14, 15. 


= 0. 
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This is to be satisfied identically ; hence 
n, +10, =0, 

(71) + @,,) — @,(m, + ,,) = 9, 

+ — @, (nm, + + w,(m, + =O. 


An analogous discussion for the systems S in the planes parallel to the xz 
plane yields the relations 


m, + @,. + lo, = 0, 
(72) @,(n, + @,,) — @,(m, + o,,)=9, 
Mm, + + @,.) —@,(m,+ ,.)=90. 


No new relations are found by considering other planes. The relations (71), (72) 
are seen to reduce to five and to be equivalent to the relations (57). 

The only systems of curves with properties I, I, III, 1 IL, III, are those 
systems of type (54), (54’), (54) in which the functions (55) satisfy the rela- 
tions (57). 


34. It has been proved incidentally that when II,, III, hold for the systems 
S in two series of parallel planes, say the planes parallel to two of the codrdi- 
nate planes, they then necessarily hold for all planes of space. Of course it is 
assumed here, as in the following, that I, II, III hold for the original space 
system. 


35. Converse of V,. It will now be shown that property V, imposes no 
additional restrictions. The condition that a plane system defined by the forms 
(69) shall have this property is * 

(73) + po +v+o,+ oo = 0. 


- Applying this to the S-systems in the planes paralle] to the xy plane, for which, 
according to (70), 


(74) rA=l, v= o=®,, 
we find 
(75) Lot + m,o, + m,+,,+ 0,0, = 9. 


This, however, is seen to be a consequence of the relations (57). 
Property V,, is a consequence of II, ILL, in connection with I, I, III. 


36. Converse of VI,. It will now be shown that property VI, does impose 
additional restrictions and that these are precisely equivalent to the relations 
(59) obtained in article (25). 

* Trajectories, article 22. 
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The condition for VI, is* 
(76) +( = =o. 


We begin by applying this to the S-systems in the planes parallel to the xy 
plane. In this case we may use the values given in (74); hence 


+ ( = = 0; 
y 


which is the third of the equations (59). The corresponding condition for the 
planes parallel to the xz plane is obtained by replacing y by z, @, by @,,/7, by /, 
and m, by n,. This gives the second of the equations (59). 

The discussion for the S-systems in planes parallel to the yz plane is not so 
simple ; for here we can no longer employ x as the independent variable. It 
is necessary to transform the second of the equations (54) so that say y shall be 
the independent variable. The result is 


For the S-systems considered, x is an arbitrary constant and dx/dy = 0. 
Thus the condition (76) gives 


By using the relations (57), it may be shown that this takes the simple form 


1, —1,,=9, 


which is the first of the relations (59). 

We may avoid the calculations that would be introduced by the direct consider- 
ation of other planes as follows. It has been shown that when the S-systems in 
planes parallel to the coordinate planes possess property VI_, then relations (59) 
are necessarily fulfilled. The relations (57) are already fulfilled on account of 
properties II, III. From the theorem of article 25 it then follows that the 


* Trajectories, p. 415. 


dz\? dz 
11 “\dy) dz 38 
dy dy 
where 
dx 
—m,— n, +N, 
@, @, @, 
n, 
ey @, eo, ‘ 
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original system of space curves is of dynamical type. Hence, by article 30, the 
systems S for all the planes of space are of dynamical type and hence possess VI, . 
In order that a system with properties I, Il, II, 11,, II, shall also possess 
property VI, it is necessary and sufficient that the relations (59) shall be 
fulfilled. 
37. It has been shown incidentally that when VI, holds for the S-systems 
constructed in a triply orthogonal series of planes, it thea holds for all S-systems. 
38. Restatement of IV. It will be recalled that the plane systems S were 
obtained, not by the orthogonal projection of the space curves, but by the 
orthogonal projection of the differential elements of the third order belonging 
to these curves. If we consider the oo‘ space curves of the original quintuply 
infinite system which touch a given plane 7, their orthogonal projections upon 
that plane would give rise to a system of oo* plane curves. The relation between 
these curves and those belonging to the system S in the same plane is as follows : 
the projections of the 0” space curves touching 7 at a common point O have, 
at that point, contact of the third order with the oo” S-curves passing through O. 
Properties I, Il, III, have reference to the curves passing through a given 
point; properties V,, VI, relate to certain variations produced by changing 
that point. Neither set involves differential elements of higher than the third 
order. Hence it is possible to replace property IV by the.following equivalent : 
If the x? trajectories touching a given plane 7 at a common point O are 
projected orthogonally upon 1, the plane curves thus obtained possess the prop- 


erties I, Il,, UI, and hence also the derived property IV, as stated in the 
two-dimensional theory.* _ When the point O varies in the plane 1, the direc- 
tion associated with it by Il, and the conic associated with it by IV, vary in 
accordance with the restrictions expressed in V, and VI, .* 


COMPLETE CHARACTERIZATION. 


39. The main result of our entire discussion may be stated as follows : 

In order that a system of 2° space curves, of which 2' pass through each 
point in each direction, shall be identifiable with the system of trajectories due 
to a ( positional) field of force 


Px dz 


it is necessary and sufficient that it shall have the following purely geometric 
properties : 

I. The osculating planes of the «” curves passing through a given point 
form a pencil ; that is, all the planes pass through a fixed direction. 


* See Trajectories. 


| | 
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Il. The osculating spheres of the co' curves passing through a given point 
in a given direction form a pencil ; their centers thus lie on a straight line. 

Ill. The straight lines which correspond, in accordance with II, to all the 
directions at a given point, form a congruence, of order one and class three, 
consisting of the secants of a twisted cubic curve ; which cubic passes through 
the given point in the direction fixed by property I. 

IV. The associated systems S, constructed as in article 29, have the charac- 
teristic properties of plane dynamical systems. 

These four properties are independent in the sense that no one can be derived 
from those which precede it.* The last one, IV, may be replaced by weaker 
requirements: of the component parts it is sufficient to retain II, III,, VI, 
and of all S-systems it is sufficient to consider those constructed in a triply 
orthogonal series of planes. 


40. From article 22 it is seen that a complete geometric characterization of 
the trajectories produced by a conservative force is obtained by adding to III 
in the preceding set the requirement that, for every point of space, the corre- 
sponding cubic curve shall be of the rectangular species. 

CoLUMBIA UNIVERSITY, NEW YORK. 


* The question of absolute independence is left open. It may be that the other properties are 
consequences of IV. 
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A CLASS OF PERIODIC ORBITS OF AN INFINITESIMAL BODY 
SUBJECT TO THE ATTRACTION OF » FINITE BODIES” 


BY 


WILLIAM RAYMOND LONGLEY 
Introduction. 


The question of periodic solutions of a set of differential equations with appli- 
eation to the problem of three bodies has been treated by Porncarsé,} and the 
idea of analytic continuation which he developed will be employed in this paper 
to prove the existence of the solutions under consideration. 

Suppose that n finite bodies move in one plane and that their coordinates 
with reference to one of the bodies, J/, as origin are known functions of the 
time. At any epoch ¢, the bodies form a certain geometrical figure and have 
certain relative components of velocity. Suppose that at the epoch ¢, + 7, the 
bodies form again the same geometrical figure and have the same relative com- 
ponents of velocity ; it is said that the motion is periodic with the period 77. 

A particle P is supposed to move in the plane of the motion of the finite 
bodies, subject to their newtonian attraction. In the differential equations of 
motion of the particle it is convenient to divide the terms into two classes : 
(1) those which are due to the attraction of M alone, and, (2) those which are 
due to the attraction of the other bodies. A parameter u is introduced as a 
factor of all the terms of the second class, so that when » = 0 the differential 
equations represent the motion of P when subject to the attraction of only one 
body, AZ. In this case the solution is known and the conic in which the particle 
moves is called the undisturbed orbit. 

If there exists a periodic solution of the differential equations when « + 0,{ 
the period 7’ of the solution must be a multiple of 7,, 7=q7,. Suppose the 
period is assigned in advance. When »=0 a periodic solution is known. The 
initial conditions may be determined so that the period 7, of this solution is a 
submultiple of the assigned period, that is, p 7, = q¢7, = 7’, where p and q are 
#* Presented to the Society April 14, 1906. Received for publication June 15, 1906. 

+ Bulletin Astronomique, vol. 1 (1884), p. 65; Acta Mathematica, vol. 13 (1890), 
p. 5; Les méthodes nouvelles de la mécanique céleste, vol. 1, chap. 3 (1892). 

t The analysis employed in this paper is valid for sufficiently small values of the parameters 


involved. All statements concerning the properties of the solutions for / + 0 refer only to values 
of / so small that the solutions are known to be valid. 
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integers. There exists, therefore, a solution of the differential equations for 
# = 0, which has the assigned period. Does this solution persist, in the sense 
of analytic continuation, for values of mw different from zero but sufficiently 
small? This question is here investigated by the method of Poincaré. Three 
cases present themselves for consideration : 

I. When the orbit of the particle is symmetrical with respect to a line. 

II. When there exists a uniform integral of the differential equations of 
motion. 

III. When no uniform integral exists. 

I. The first case may occur as a particular sub-case of either the second or 
the third; but, if the differential equations admit a symmetrical solution, the 
proof of the existence of a symmetrical periodic orbit does not depend upon the 
consideration of the integral, and may be most conveniently treated as a distinct 
case. 

If a particle is subject to the attraction of two finite bodies, there are always 
initial conditions under which the orbit is symmetrical with respect to the line 
joining the finite bodies, and with respect to the time of crossing this line. If 
the body J/, revolves about VW in a circle, the condition for a symmetrical orbit 
of the particle P is that P shall cross the radius vector of J/, orthogonally at 
any time. The orbits of Hiti,* Darwiy,t and Mouton are of this type. 
If the orbit of JZ, is an ellipse, the condition is that P shall cross the radius 
vector orthogonally when .V/, is at an apse. The property of the symmetry of 
the orbit of P with respect to a line rotating with an angular velocity which is 
a function of ¢’, holds for some cases in which the particle is subject to the 
attraction of more than two finite bodies. When the motion of n finite bodies 
is such that they form a geometrical figure having always the same shape, in 
which equal masses are symmetrically situated with respect to a line of the 
figure, the particle may be started so that its orbit will be symmetrical.|| An 
example of another type of the motion of the finite bodies, which is such that 
the orbit of the particle may be symmetrical, is given in the last section of this 
paper in the third numerical problem. 

II. The case where a uniform integral exists occurs when the finite bodies 
move in circles about J/ with the same angular velocity V. The bodies form 
a fixed geometrical configuration in a plane which rotates about the origin with 


*American Journal of Mathematics, vol. 1 (1878), p. 245. 

+Acta Mathematica, vol. 21 (1897), p. 99. 

t Transactions of the American Mathematical Society, vol. 7 (1906), p. 537. 

§ This case has been treated in an unpublished paper by W. D. MACMILLAN presented to the 
Society, April 14, 1906. 

|| Examples are furnished by the equilateral triangular solution of Lagrange, when two of 
the bodies are equal, and by many particular solutions of the problem of n bodies. See W. R. 
LONGLEY, Some particular solutions in the problem of n bodics, Bulletin of the American 
Mathematical Society, vol. 13 (1907), p. 324. 
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the angular velocity V. When the codrdinates of the particle are referred to 
axes in the rotating plane, the differential equations of motion do not contain 
the time explicitly, and the period of the solution may be chosen arbitrarily ex- 
cept for limitations which are necessary to assure the convergence of the series 
employed. 

III. The third case oceurs when the finite bodies do not move in circular 
orbits about 17. The parameter y is introduced into the differential equations 
in such a way that the proof of the existence of periodic orbits of the particle is 
made to depend upon the terms which are due to the attraction of only one of 
the perturbing bodies, M,. The motion of Jf, is subject to mild restrictions, 
namely, that the radius vector shall be given by an expression involving only 
cosines of multiples of the time, and that the expressions for the longitude shall 
involve only sines of multiples of the time. The only restriction upon the 
motion of the other bodies is that it shall be periodic. The treatment is 
sufficiently general to permit applications in the problems presented by the 
motions of the solar system. For example, suppose that P is a satellite of 
one of the planets M/, and that Mf is the sun. The conditions upon the 
motion of VW, are fulfilled if we neglect the perturbations of the other planets 
upon Jf. If we neglect the inclinations of the orbits of the other planets, and 
suppose that their motion is periodic, it is possible by the methods given below 
to treat the periodic motion of the satellite in the plane of the planetary orbit 
when subject to the attraction of the sun and all the planets. 

It is shown that when the period of the motion of the particle is assigned, 
there exist two and only two real orbits of this analytic type having the pre- 
scribed period. In one of the orbits the motion is direct, and in the other it is 
retrograde. If symmetrical orbits exist, there are no unsymmetrical periodic 
orbits. It is shown that, in the analysis employed, the eccentricity of the undis- 
turbed orbit must be zero. A method is given for constructing the periodic 
solutions to any desired degree of accuracy by processes which involve only 
algebraic computation. 

For convenience and clearness the details of the analysis are carried out for a 
special example of the motion of the finite bodies, namely, for three finite bodies 
which move according to the equilateral triangular solution of Lagrange. This 
example illustrates the three cases which may occur, and only slight changes in 
the details are necessary in order to apply the treatment to the more general 
examples previously mentioned. 

Some numerical examples are given at the end of this paper with drawings 
of the orbits which have been computed. 
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Existence of Periodic Orbits. 


The differential equations of motion. Let M, M,, and M, denote the 
masses of three finite bodies moving according to the lagrangian equilateral 
triangular solution. With reference to / as origin and an axis having a fixed 
direction in space, let the coordinates of M,, M,, and the particle P be respec- 
tively (#,, V,), (2, V,), and (r,v). The codrdinates of the bodies are 
expressed in terms of the time as follows : 


2 
R, = AR = Ne—§ (cos 2-1) 
(1) 


where 


V,—9,=V,—0,=V= Nt + 2esin Nt + fe sin2Nt+---, 


NA =h(M+ M+ 


The finite bodies are at apses of their respective orbits at t= 0; WV is the mean 
angular motion, A the major semi-axis, ¢ the eccentricity, / is a constant depend- 
ing upon the units employed; and w,, w, are constants such that 7, — 7, = 7/3. 
The differential equations of motion of P are 
dr dve\? on 
"\ dt Or’ 
d*v drdv 102 


(2) 


where 


M M, M, 
Re 


2 


(3) r=Vr+ R—2rR, cos(v—V,), 
r, = Vr + — 2rR, cos (v — V,). 
Let us define m and a by the relations 
(4) m=N, 


where v is the mean angular velocity of P in the undisturbed orbit. 

The period of the motion of the particle in the undisturbed orbit is 27/v. 
The period of the motion of the finite bodies is 27/ NV. In order that the periods 
shall be commensurable, v is determined by the relation 2pr/v = 2q7/N, 
where p and q are integers. This restriction is not necessary, however, when 
e=0. 

The next step in obtaining the final form of the differential equations is 
to refer the motion to a plane rotating with the angular velocity of the finite 
bodies. If ¢=0, the codrdinates of M, and M, become constants, and v may be 
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chosen arbitrarily. The motion is referred to an axis rotating with the angular 
velocity of the finite bodies by the substitution »=w+V. It is convenient 
to eliminate the factors depending upon the units employed by, the substitution 


r=ap, 


Hence Nt becomes mt. We may expand 2 as a power series in ap/AR as 
follows : 


1+ +( { 1 + 3c0s2(w—w,)} 


+4 {8 (we —w,) +5 005810 —w,)} 


+4 {8 c08(w—w,) +5 (0 —w,)} + 
Let A, and A, be defined by the relations 
(6) M,=r, (I, + 
From equations (1) we have 
(M, + M,) _ 


On setting 


it follows that 


11+ 8 2(w — w,)} 


+ + 8 c0s2(w—w,)} 


—w,) +5 c0s8(w—w,)} 


f 
| 
| 
| 
1 
M, + M, 
| 
(6) | 
BX, ( ap | 
| 
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1 0 Km’ 3r, . 


{sin — @,) + 5 sin 8 (w— } 
(6) 


{sin (w + 5 sin 3(w—w,)} |. 

The differential equations of motion become 

d*p dw 1 

dr * ds ) O(ap)’ 

Pw  ,dp(dw dV\_ 1 6a 

de + dr ) art ap dw" 
Case I. Symmetrical solutions. Suppose the masses M/, and J, are equal 
and that the w-axis passes through the center of gravity of the system. These 
conditions are expressed by the relations, 


(7) 


It follows that the first of equations (7) involves only cosines of multiples of w, 

and the second involves only sines of multiples of w. Since dV/dz and # are 

even functions of 7, it follows that the equations are unchanged if p is left 

unchanged while w and 7 are changed into — w and — 7 respectively.* When 

subject to the restrictions (8), let the differential equations be denoted by (7,).+ 
Suppose that 


(9) w=¥,(T), 
is a solution of (T,) such that 
do| 
(10) =o w( pr) — pr =0. 


T=pr 
The differential equations are periodic in w and 7, and JZ, and JV, are at apses 
at tT=p7. It follows from the form of the differential equations that y, is an 
even function and y, is an odd function of t. Hence if the particle crosses the 
w-axis when the finite bodies are at apses of their respective orbits, the orbit of 
P is symmetrical with respect to the axis and the time of crossing. If the 
orbit is symmetrical with respect to two epochs, for example, t,=0 and 7,=p7,, 
it is periodic with the period 2p7. If the solution (9) is symmetrical with 


* In the more general cases in which symmetrical solutions occur it may happen that the first 
equation contains also sines of multiples of w multiplied by odd functions of 7, and that the 
second equation contains also cosines of multiples of w multiplied by odd functions of 7. 

+ Throughout this paper the subscripts I, II, III refer to the case I, II, III, respectively. 


+ g sin 2(w—w,) 
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respect to the epoch 7 = 0, the conditions (10) are necessary and sufficient for it 
to be periodic with the period 2p7.. 

We will now investigate the existence of symmetrical periodic orbits which 
have the period 2p77._ The terms of equations (7,) are periodic in 7 and ana- 
lytic in m; but, when expanded in this parameter, the coefficients of the various 
powers of m contain non-periodie terms. It is convenient in this discussion of 
periodic solutions to avoid such terms in the differential equations, and this is 
accomplished by a generalization of the parameter m.* Consider the set of 
differential equations, 


p dw dU\? 1 
Te ae ) + 


d?w d?u dp dw dU 


{mt + 2esin mt + sin + ---} 


(11) 


where 


and and y’g, are obtained from 1/a-02/0( ap) and 1/a*p respec- 
tively by writing »” for the factor m*, and by making the substitution a/A = np, 
where 7 is a numerical constant. 

Equations (11) do not represent any physical problem except for a special 
value of w, namely, «= m, and are to be studied from a mathematical point 
of view. They may be solved for p—1 and w as power series in p. 
For a preassigned arbitrary interval for 7 the series are convergent for all 
values of » numerically less than »,f and satisfy the differential equations 
identically in ~. Therefore, if in the solution uw is given a value numerically 
equal to m(m < +), the solution satisfies the differential equations (7,) and 
represents the physical problem under consideration. It follows from the form 
in which m enters the differential equations that 7% is independent of m. 

When » = 0 the equations are of the form occurring in the problem of two 
bodies, and a symmetrical solution having the required period is known, namely, 


p=1—<éZecos 


(12) cos . (V1—2@ sin 
Ww = arc COs ( 1 = are sin 1 
where £ is defined by the relation 
t= H—ésin £, 


*F. R. MOULTON, On certain rigorous methods of treating problems in celestial mechanics. 
The Decennial Publications of The University of Chicago, vol. 3(1902), p. 126. 

t PoIncARE, Les méthodes nouvelles de la mécanique céleste, vol. 1 (1892), p. 58. 

} The positive sign is to be taken with the radical. 
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and @ is an arbitrary constant less than unity. The initial conditions for r = 0 


are 
do vi-# 


Consider the solution for values of » different from zero but sufficiently 
small, and let the initial conditions for tT = 0 be 


(14) 
V1—(é+e/) dU 


The solution is symmetrical with respect to the epoch t= 0, and may be 
expressed as power series in a, ¢, and «, which are convergent for an interval 
in 7 including the interval 0 to p7r, if the parameters are sufficiently small. If 
a and e can be determined in terms of , vanishing with «, so that the condi- 
tions (10) are satisfied, then the solution will be periodic with the period 2p7.. 
All terms of the solution which are independent of yu” may be obtained from the 
two body problem by making the substitution w= u — wU. 

These terms are given in finite form by the expressions 


cos 


cos — (2+ e) =), 


wm 


1—(é€+e)cs# 
where £ is defined by the relation 
T 
Returning to the variable w, writing the terms in a and e as power series by 
Taylor’s expansion, and applying the conditions (10), we obtain the equations 


= H—(é+e)sn £. 


é é 


é 14+ 


It follows from the known properties of the series that there are no terms in e 
alone, and there are no terms involving w to the first degree except the term 


* The introduction of the very convenient parameters a and e, instead of the additive incre- 
ments 3 and y, is due to Professor F. R. MOULTON, these Transactions, loc. cit., from whom 
I have received many suggestions and much valuable criticism. 


| 
| 
(15) 
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—ptu. Hence the second of equations (15) may be solved for a as a power 
series in e and yw in which yp is contained as a factor: 


(16) 


When this value of a is substituted in the first equation, a factor ~ may be 
divided out, leaving 
é 

This equation may be solved for e as a power series in p, which vanishes with p, 
if and only if €=0, and the result may then be used to eliminate e from equation 
(16). Since only those solutions are under consideration which are the ana- 
lytic continuations with respect to u of those for « = 0, the condition ¢ = 0 
must be imposed. Zhe condition é = 0 means that the undisturbed orbit must 
be circular. 

The initial conditions (14) have been determined uniquely as power series 
in », convergent for sufficiently small values of , so that the conditions of 
periodicity are satisfied. When the values of a and e thus found are sub- 
stituted in the solution, we have p —1 and w represented as power series in wu 
alone, and the solution is periodic with the period 2p7-. 

Suppose 4 = m and consider the physical interpretation of the solution. The 
period of the motion of. the finite bodies is 27/m = 2pm/q, where p and q are 
integers which may be chosen arbitrarily except for the condition that g/p must 
be sufficiently small. The period of the solution is 27. Hence during this 
period the finite bodies make g revolutions, the angle w is increased by 2p7, and 
therefore the particle makes g + p revolutions with reference to fixed axes. If p 
and qg have the same signs, that is, if m is positive, the motion of the particle is 
direct. If m is negative, the motion is retrograde. For a given value of m 
there exists one and only one real symmetrical periodic solution of the differ- 
ential equations. Hence for a given period there exist two and only two real 
symmetrical orbits of the particle with the required period. In one the motion 
is direct, and in the other it is retrograde. All distinct orbits are obtained 
when p and q are prime to each other. 

The initial conditions were limited so that the solutions should be symmet- 
rical. When this condition is not imposed, and whether or not the differential 
equations admit symmetrical solutions, it will be shown in the next two sections 
that, for a preassigned period, there exist two and only two real periodic orbits, 
in one of which the motion is direct and in the other retrograde. Hence, if 
symmetrical periodic orbits exist, there are no unsymmetrical periodic orbits of 
this type. 


Trans. Am. Math. Soc. 12 
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The existence proof was made for a particular example, but did not depend 
upon the right hand members of the differential equations and consequently 
holds for any case in which the orbits of the perturbing bodies are such that the 
differential equations admit symmetrical solutions. The only variations which 
it is necessary to make in the details for the other cases, are in the particular 
manner in which the parameter yw is introduced, and in the choice of the rota- 
ting axis. It may happen in some cases that there exist several possible axes of 
symmetry. 

Case II. When a uniform integral exists. Suppose that M, and J, are not 
in general equal and that they move in circles about / with the w-axis passing 
through 1. These conditions are expressed by the relations 


(17) e=0, o,=0, 


When subject to the conditions (17) let the differential equations of motion be 


denoted by (7,:)- 
In this case it is convenient to introduce the parameter pu by the relations 


a 


for all powers of a/A higher than the first. Here it is not necessary to gen- 
eralize the parameter m since 2 and dV/dr are constants. By relating 2, 
and yw, the existence proof is made to depend only upon those terms of the dif- 
ferential equations which involve A,. The generalization of the parameter a/A 
is merely for convenience in having finite expressions in the equations which 
determine the coefficients at the various steps in the solution. 

The differential equations become 


dw 
+1) + Sas 


Pw dp (dw 
P apt 2a, t#) =H 


(19) 


where 


fia = | + 8 cos 20) + p(B w + 5 cos Su) | 
+ ---pfune (p, », cos jw, sin jo) |, 
gu= — Ko| | sin 20 + 4 p(sin w + 5 sin Sw} 


+ .---pfune (Ps Bs sin jw, cos ju) |. 


' 
| 
| 
4 
s 
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Equations (19) are periodic in w with period 27 and do not involve + 
explicitly. Suppose that 
pP=¥,(7), w=,(7), 
is a solution. The necessary and sufficient conditions that the solution shall be 
periodic with the period 2p7 are 
dy dy 
(20) 
dy, d 


When » = 0 a periodic solution is known,* namely, 
P= 1 w=T. 

The initial conditions for r = 0 are 
dp _ 
dt 

For yw different from zero, but sufficiently small, consider the solution of 
equations (19) subject to the initial conditions 


dp 
= 


p=1, 0, w=0, 


esin @ 


+a(1—ecos 


1—ecos@ 


w= are cos | | — are eos | | 


—ecos 

(1 + a)#(1 —e cos 6)’ 
The parameters, 8,, 8,, 8,, 8,, which are additive increments to the initial 
conditions of undisturbed motion, are inconvenient in the discussion which 
follows. In terms of the parameters a, e, 0, ¢, the properties of the solution 
are well known, and the conditions of periodicity can be easily discussed. The 
geometrical meaning of the angles @ and ¢ is shown in Fig. 1. 

We may now write, in finite form, those terms of the solution which do not con- 
tain namely, 

r=(1+a)(1—ecos £), 


dy 


cos —e 
(22) cos (w+ 
V1—esin 
* As in the case of symmetrical orbits, no greater generality is obtained by assuming that the 


undisturbed orbit has an eccentricity different from zero. Therefore we will assume here that 
é=0. 


sin (w + W,—W,) = 
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where £ is defined by the relation 
T 

(1- ry 

The only term of the solution which involves to the first degree is — tp, 


which occurs in the expression for w. To find the terms in p’ and u’*d we may 
write 


HK—esin 


+ 
+ 


Fie. 1. 


P, is the position of the particle at == 0. 
W, is the longitude of the particle at rt — 0. 
W, — W, is the longitude of perihelion. 


On substituting these expressions in the differential equations, there results for 
the determination of p, and w, the following set of equations, 


8p, (1 +8 008 2r) + (8 cos + 5 008 87), 


A, 


(sin + 5 sin 37). 


B_waxis 
| A 
‘dr dr 
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It follows that 


p,= Kr, [-1-24+(2+ 484) os: 


G — cos 2r — cos |, 
($485 (44 44) sins 


By a similar computation it is shown that 


p= Kr,|—(4+ 445) sin 444 7 4 2sin + sin 


r+ cos 2r + 5 cos 3r |. 


The terms independent of u are obtained from equations (22) by Taylor’s 
expansion, and the solution becomes 
p=1+ a—e cos — ae(cos tr — 37 sin T) + sin 
+ ae8(sin t — $7 cos T) + + +---, 
w= 7 — + 2esin t+  — Tu — cos — (1 
+ eb + cost + 37 sin + + + ---. 
Applying the conditions (20) that the solution shall be periodic, we have 


(23) 


0 = — + + 


0 = 8prae + + 
0 = — 8pra — 2prp — Gprae + ---, 
0 = — + ---. 
The conditions (24) involve the four quantities a, e, 0, $, and, if indepen- 


dent, would determine them in terms of ». But the differential equations (19) 
do not involve t explicitly and hence admit the integral of Jacosf. This fur- 


| 
171 
| 
| 
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nishes a relation of the type 
e, 0, ») = constant, 


and equations (24) are not independent.* It follows that if (a), (b), and (c) are 
solved for the three quantities 2, e and @ in terms of » and ¢, and the results 
substituted in (d), the equation is satisfied identically in ¢. In this problem 
the dynamical interpretation is simple. Since the finite bodies move in circles 
the origin of time is arbitrary. The most convenient choice is t= 0 when 
w = 0, which is equivalent to choosing ¢ = 0. 

Consider the solution of equations (a), (6), and (c) for a,e, and 0. The equa- 
tions have the following properties : 

i. There are no terms independent of « and «. This follows from the fact 
that, in the two-body problem, the period does not depend upon e and 6. 

ii. There are no terms involving « to the first degree except the one term 
— 2prp which occurs in (c). 

iii. There are no terms in @ independent of e, since @ does not enter the 
initial conditions independently of e. 

It follows from these properties and the particular form of the first terms of 
the equations that a, ¢, and @ may be determined uniquely as power series in 
by the following steps: 

(1) From (ec) we obtain 


a=p[—Z+---+ fune(p, e, 


(2) This value of a when substituted in (4) permits a factor « to be divided 
out. Then we may solve the result for e as a power series in » and @, in which 
» is contained as a factor, 


(3) When the values of a and e are substituted in (a) a factor u* may be 
divided out and @ obtained as a power series in yu alone, vanishing with p. 

(4) By substitution of the value of @ thus found in the expressions for e and 
a, we obtain finally 


The preceding operations are known to be convergent for all values of a, e, 0, 
and yu which are sufficiently small. Hence for a given value of uw sufficiently 
small it is possible to determine the initial conditions (21) as power series in 
such that the solution of the differential equations (19) shall be periodic in + 
with the period 2p7.. 

Since ny = NV, pw is determined by choosing the period of the solution in ¢ 
 * Cf. Pomncaré, Les méthodes nouvelles de la mécanique céleste, vol. 1 (1892), p. 87. 
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which is 2p7/v. All distinct orbits are obtained by taking p = 1, that is, 
every orbit is reéntrant after one revolution in the rotating plane. For an 
assigned period there is one and only one direct orbit, and one and only one 
retrograde orbit. 

The analysis and results apply to the case when any number of finite bodies 
revolve about in circles with the same angular velocity. 

Case Il. When no uniform integral exists. Suppose that M, and J, are 
not, in general, equal ; also, that the eccentricity of the orbits of the finite bodies 
is not zero, and that the w-axis ee through 7. These conditions are expressed 
by the relations 
(25) e+0, w,=0, = 


3° 

When subject to the conditions (25), let the differential equations of motion 
be denoted by (7,,;). In this case it is convenient to consider the equations 

4 dt ) + 


dr 


dw 9 dp ( dw dU 

where U = p/m- V and and are obtained from 1/a-02/0(ap) 
and 1/a*p-00/Ow respectively, by writing «* for the factor m* and making the 
substitution 


(26) 


A, = Ap. 


Equations (20) express the conditions that a solution shall be periodic with 
the period 2p7. Consider the solution of equations (26) subject to the initial 
conditions (21), except that the fourth condition contains the term —~-dU/dr 
(t=) instead of —. The terms independent of are given by equations 
(22). The only term involving y to the first degree is — ~/m-U, which occurs 
in the expression for w. 

For the determination of the terms in y* we have the equations 


sin 27 + § (sin + 5 sin 37) +: 


F is a power series in € whose coefficients involve only cosines of multiples of 
mt. It follows that the right hand member of the first and second equations 
respectively have the forms 


Ay o+ 2, 008 (9 + hen), 2, sin (g +hm)r, 


| 

j 

| 

| 

d 

Ww, Po 

| 

} 

i 

| 
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where g and h are integers, g taking all positive values and zero, and / tak- 
ing positive and zero values such that hm <1. Since r enters the differential 
equations explicitly, we have m = q/p, by equation (4). A, , and D, , are con- 
stants depending upon ¢e and a/A; they are infinite series which, for small 
values of the arguments, converge rapidly. 

The second equation of the set (27) may be integrated. The result is * 


dw D 


where c, is the constant of integration. 
On eliminating dw,/dr between the first of equations (27) and equation (28), 
there results an equation of the form . 


& 
0,0 + T+---+ A, , cos (g +hm)t + 


whence ¢ 
A 
= cos T + ¢, sin T+ A, sin T+ 1—(9 + (9 


where c, and c, are constants of integration. 
Substituting the value of p, in equation (28) we get 


Dy, — 2c, sin t — A, sin + D,,,, 008 (g + hm)t + 


whence w, is obtained by quadrature. The constants of integration are deter- 
mined by the initial conditions, 


(7r=0). 


It is important to observe that all the terms of the solution of equations (27) 
have the period 2p7r, except the terms 7 and t cost which occur in w,, and 
7 sin tT which occurs in p,. Consequently when the conditions of periodicity 
(20) are applied, equations (4) and will contain‘no term in alone; (5) and 
(c) will each contain a term in p? alone. 

For the determination of ae: terms in y’¢ in the solution we have equations 
of the form 

(29) 


dio 
dr 


not DH, , 008 (g +hm)r. 


* By the definition of g, h, and m the denominator g +- hm cannot vanish. 
+ By the definition of g, h, and m the denominator 1— ( g + hm )? cannot vanish. 


dp dw 
= = 0 | 
| | 
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The solution of the set (29) is of the form 


G 
p= 2H, ot —3G,,.7 cost ites sin(g +hm)t+---, 


gt+hm 


w= 


cos(g+hm)r+---. 


The conditions that the solution of equations (26) under consideration shall 
be periodic with the period 2p7 are 


0 = — 8praed + (4H, —G, opt) + on ty (a) 
= —8prae + A, +---, 


(30) 
0 = — + 


0 = 6praed — (6H, —2G, wp +---. 


Equations (30) have the following properties : 

i. There are no terms independent of a and yp. 

ii. The first power of « does not occur in (a), (4), and (d). 

iii. There are no terms involving ¢ which are independent of y’. 

iv. There are no terms involving 6 which are independent of e. 

v. Equations (a), (4), and (d) contain no term in a independent of e. 

vi. In equations (a) and (d) there are no terms of degree less than the third. 

The knowledge of the preceding properties leads to the conclusion that a, e, 0, 
and ¢ may be determined uniquely as power series in », vanishing with » and 
satisfying equations (30). This conclusion is reached by the following steps 
which are valid for sufficiently small values of a, e, 0, @, and pw. 

(1) Let equation (c) be solved for a as a power series in e, 0, , and uw 
(which contains y as a factor by i), giving 


Equation (31) may be used to eliminate « from equations (a), (b), and (d). 
Let the resulting equations be denoted by (a’), (b’), and (d’) respectively. 
(2) Then (’) contains a factor ~ which may be divided out, leaving 


0 = —2pre + A, 


This equation contains no term independent of e and yp (by i, ii, and v), and 
contains a term of the first degree ine. Hence it may be solved for e as a 
power series in 0, ¢, and yw, which vanishes with », 


(32) e=44A, >, 


| 
P 
(a) 
| 
| 
| 
| 
| 
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Equation (32) may be used to eliminate e from equations (a’) and (d’). Let 
the resulting equations be denoted by (a) and (d’’) respectively. 

(3) Each of equations (a) and (d’’) contains y’ as a factor (by i, ii, iii, 
iv, v, vi), which may be divided out, leaving no term independent of 0, ¢, 
and p: 

0 = — prrA, (42, —G, opt) b+ (a”) 
0 = 2prA, — (6H, —2G, (6”) 


The jacobian with respect to and ¢ for =¢=p"=0 is — A, 
which does not vanish identically in e and a/A. Hence equations (383) may be 
solved uniquely for @ and ¢ as power series in », and the result used to elimi- 
nate @ and ¢ from equations (31) and (32). This yields the final solution of 
of equations (30), 


When these values are substituted in the solution of equations (26), the ex- 
pressions for p and w become power series in yu alone, and the solution is periodic 
with the period 2p7r, since the conditions (30) are satisfied. The physical inter- 
pretation is the same as in the preceding cases. 

For the purpose of constructing the solutions in applications, it is convenient 
to have the existence proof in the form given. It leaves open, however, one 
question which should be answered. That:is, are there any values of ¢ different 
from zero for which the jacobian of equations (33) vanishes? The jacobian is 
a power series ine and a/ A, vanishing with e, and it is not easy to discuss 
other values of ¢ for which the series might vanish. Such a discussion is made 
unnecessary by a slight variation in the details of the existence proof. The 
proof depends only upon the properties of the solution of the problem of two 
bodies and the non-periodie terms which enter in p,, w,, p, and w, and may be 
carried through without considering in equations (27) and (29) the infinite series 
in ¢ which represents 1//? and the infinite series ina/A. This is accomplished 
by picking out from f,;; in (26) a single term of the type 


(33) 


cos pmt cos (gq —1)w 


and from g;;; a single term of the type 


a \e 
cos pmt sin(g —1)w. 


These terms are left unchanged, while in all other terms ¢ is replaced by oy and 
a/A by nu. The set of differential equations thus obtained may be treated by 
steps similar to those employed in the consideration of equations (26), and a set 
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of equations corresponding to (33) will be obtained. The jacobian of this set is 
e?(a/A)*-*, except for a constant factor, and can vanish only if e = 0. 


Construction of the Solutions. 


It has been demonstrated for each of the three sets of differential equations 
(11), (19), and (26) that, for a given value of u sufficiently small, it is possible 
to determine the initial conditions uniquely as power series in « such that the 
solution as power series in » shall be periodic in t with the period 2p7r. A 
method will now be given by which the solution to any desired number of terms 
may be conveniently constructed. It is not necessary to determine the initial 
conditions explicitly in advance and the computation involves only algebraic 
processes. It will be convenient for brevity in the treatment to consider first 

Case III. When no uniform integral exists. Consider equations (26), and 
let the periodic solution, which is known to exist, be written 

Since the solution exists and is periodic for all values of yu sufficiently small, 
each coefficient is periodic with the required period. 

Let the solution (35) be substituted into the differential equations (26) and 
the result arranged as power series in x. The terms of the left-hand members 
have the following forms. (The accents indicate derivatives with respect to 7.) 


dU 


d dU\? 


+ [p, + 2m, + 2p,(w, +140’) + (wi 4+14+ 
+ [p, + 20, + 2(r0; + 1+ + 2p,(w,+1+ 0’) 
+ 2p,_,(w, +1+ 0’) + 
1 — (2p, — — (2p, — + 
+ (2p,— 6p ppt 


wl 
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?U ” ” ” ” ” 


+ + wy'p, + w+ 


+ [p, + p,(w, 0’) 4+ 
+ [pi + +140") 


The equations hold identically in 1». Hence, equating the coefficients of the 
first power of 4, we have for the determination of p, and w, the following set 


of equations : 
dw, Pw 


d* p, 1 
It follows that 

p, = 2(1 +e?) + cos 7 + sin 


w,= —(44 Qe" sin + 2c” cos 


(37) 


(38) 


where ¢(”, c{, c,, and c{? are constants of integration. Since p, and w, are 
periodic, the coefficient of 7 in w, must vanish. This condition determines the 
constant c(, namely ci = —4. The other constants of integration are so far 
arbitrary. 
On equating the coefficients of the second power of py, the following set of 

equations is obtained : 

2 dr +1+ y+ 2p, (w, +1 +0 )— + Fin, 
(39) 

— Pil; + 0") — +140") + 05 

where and gy, are obtained from and respectively by writing 
w=0,w=7T,p=1. The right-hand members are known functions of 7 and 
the equations have the form 


Bp, = + + 7 + sin 


+ D?, sin(g +hm)t+---. 


d* p, 
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It is to be noted that c, does not occur in equations (40). Integrating the 
second equation we have 


4 Op, = — + Di) cos 7 — sin + 


(41) 2) 


cos(g +hm)t+-- 


On eliminating dw,/dr from the first of equations (40) by means of equation 
(41), there results 
+ p,= Af, + 2c? + [— 2c)? + A, — 2D] cos — sin + 


+ (42, 008 (9 + dim 
In order that the solution of equation (42) shall contain no non-periodic term, 
the coefficients of cos t and sin t must vanish, whence c’’) and c,’) are determined 


by the conditions 


(42) 


2c) = AP, — 2 == 0. 
With these values of and the becomes 
p, = + 2c” + cos + sin + --- + cos(g +hm)t+---, 
where 


1 2D? 


Substituting this value of p, in equation (41) and integrating, we obtain for w, 
a solution of the form 


w,= (2A\?, + — 2c? sin + 2c} cost + sin (g+hm)r+ ---, 


where 
2) 


Since w, is periodic, c” is determined by the condition 
2A, + = 0. 

Of the eight constants of integration, which have been introduced in the first 
two steps, four (¢?, ¢)?, ¢, ¢?)) have been determined uniquely and four 
&, e?) are still arbitrary. 

By equating the coefficients of the third power of yw the following set of 
equations is obtained : 


Ps 
+ p,(w, +1 + — 6p,p, + 4p) + 


— + U")p,— 2p,(w, +1 + — + 


| 

| 
f 

| 
| 

(48) | 
dw, d 
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where and denote the coefficients of in and g,,, respectively. 
Equations (43) do not contain ¢?. The right-hand members contain ¢) 
linearly. The equations have the form 


cy’ + cos + (Aste? + ) sin 
(44) + A®, cos (g + + BY, sin(g +hm)r+---, 

2 

+ (Agee? + Di?) sin + ( —4,2¢? + cos 


+ sin(g + + C®, cos(g + hm)r+-- 
Here C'}), involves ¢ linearly. To avoid non-periodic terms in the solution, C’}), 
must vanish, and this condition determines c’!) uniquely, if the coefficient of é 
does not vanish. The coefficient is a power series in € and a/A which vanishes 
with ¢ but not identically in ¢. The question concerning special values of 
e for which it might vanish is the same as the question concerning the vanish- 
ing of the jacobian of equations (33) and is answered in the same way. 

The treatment of equations (44) proceeds by steps similar to those employed 
in the solution of equations (40). Four new constants of integration are intro- 
duced, namely, while and are uniquely determined 
by the conditions : 

2c? = A, — 2D), 2c? = BY, + 2C, 3c) = — 
So far cS, and are arbitrary. 

It may be established by complete induction that the above process can be 
earried as far as is desired. Suppose p,, p,, have been 
determined by this process. The expressions have the following form 
w, +8), sin (g+hm) cos (g+hm)t+-- 


= cos (g +hm)r + sin(g +hm)r+---, 
+ + sin (g + + cos (g + hm)t+---. 
= + cost + sint +---, 

w,_, = — sin + cost + 
The equations for the determination of p, and w, are 


2 = — 8p, = + AQ, ) 7 + (Atel + BY, ) sin 


cos(g + hm)r + Bi, sin(g +hm)t+---, 
Pw dp, i ) 1 
de +2 dr + Di.) sin + (— — + cos 


Di, sin(g + hm)r + cos(g + hm)sint + ---. 
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Equations (45) do not contain c\'-'’. The coefficient of ¢{'—* in Cy’, is the same 
as the coefficient of in Equations (45) are by the steps employed 
for the solution of equations (40). During the process four constants of inte- 
gration are introduced, namely, ¢,, and four are uniquely determined 
by the following conditions, the first of which determines c''~”’; 


(46) CH, = 2D\,, 
= BY, + 20, = — 
The solution of equations (45) is 
Pp; = + cos + sint + --- 
+ + hm)r + BY, sin(g +hm)t+---, 
w, = ¢ + sin + cos 7 + - 
+ sin(g + + 
where the coefficients are given by the formulas : 


ao ’ 


1 


(47) 


1 20H 

: i 

(48) = — — + 
1 

i) 
= + §BYo + 

1 Cw 

i) 


This completes the proof of the statement that the solution may be con- 
structed to any desired degree of accuracy. Of the four constants of integra- 
tion which occur in the calculation of the coefficients of yu‘, one, c\’’, is deter- 
mined in the step in which it enters; two more, c{') and c’, are determined in 
the next following step; while the =m, oS, is ietuniioal in the second 
following step. 

Case Il. When a uniform integral exists. The method of constructing the 
solution in this case differs from the preceding in one particular. The general 
steps are the same and formulas (48) are applicable. The difference occurs in 
the determination of the constant c/-”. In the proof of the existence of a 


| 
| 
| 
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periodic solution of equations (19) it was shown that the origin of time is arbi- 
trary, which is equivalent to the statement that at 7 = 7, the value w = w, may 
be assumed arbitrarily. It follows that C{'’, = 0 and does not determine c‘'~”’. 
This constant is determined by assuming an initial condition, for example, w = 0 
att=0. Then c'~” is determined in the step in which it enters by the con- 
dition w,,= 0 at r= 0. When the step for computing the coefficients of pu‘ is 
completed, there remain two constants of integration, c{) and c{ which have not 
been determined. These constants are determined in the next following step. 

Case I. Symmetrical solutions. In this case there are two arbitrary initial 
conditions and the method of constructing the solution differs from that of case 
III in two particulars. The differential equations are (11). Consider the first 
step in the construction [equations (37) and (38)]. We determine c{) and ec’) 
respectively by the conditions 

w,= 9 (r=0). 
Therefore = c}}=0. And ¢” is determined by the condition that shall 
be periodic while c{! is not determined until the next step. 

This process is applicable to all the following steps. The differential equa- 
tions (11) have a particular form which admits a symmetrical solution, and it 
may be established by complete induction that the equations for the determina- 
tion of p, and w, have the form 


dw; 


d?w, 
= + Dy) +--+ Dy? sin (g + + 


where c,'~” is determined by the condition 


The solution of (49) is 
Pi = + Cos T + «++ + af", cos(g + hm)T+---, 


w, = sin + --- + 8, sin(g +hm)r+---, 


2D”, 
i) = (i) gh 


= — 2c? — + 


where 


‘ 
a 
| | 
| 
| 
= — 
| 
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Numerical Examples. 


As illustrations of the preceding analysis three numerical examples will be 
treated briefly. It has not been shown that the processes are valid for the 
numerical values which are employed and which have been selected for conven- 
ience in graphical representation. It is probable that the series are convergent, 
although it has not been found possible to determine the true radii of convergence. 

In each case the mass of J is taken as the unit of mass, and IZ, of mass 10, 
is supposed to move about J in a circle whose radius is taken asthe unit of 
distance. The unit of time is chosen so that the angular velocity V of J/, is 
unity. The orbits considered are those in which the particle revolves about 1. 
The period is chosen so that v = 5, whence uw = 0.2. 

In the first example J/, of mass 5 is supposed to revolve about © in a circle 
so that the three finite masses remain always ina straight line in the order 
M,MM,. It follows from the solution of the quintic equation of LaGrancE 
that the distance M7, Mis 0.77172-..-. The orbit of the particle is symmetrical 
with respect to the line joining the bodies. 

In the second example J/, of mass 5 is supposed to revolve about / in a 
circle so that the three bodies remain always at the vertices of an equilateral 
triangle. The differential equations admit the integral of Jacost, but there is 
no symmetry theorem. 

In the third case it is supposed that J/, of unit mass revolves about Vf, in a 
circle of radius A,. The orbit of the particle is symmetrical with respect to the 
radius vector of Jf and crosses this line when the finite bodies are in conjunction, 

The differential equations of motion. With reference to M as origin and 
an axis passing always through J/, let the codrdinates of I1,, M,, and P be 
respectively (1,0), (2,, W,), and (7, w). The equations of motion, see equa- 
tions (7), of the particle are 
d*p dw 
pu it+S ees + fap{3 cos w+5 cos 3w} 

+ {9 + 20 cos 2w + 35 cos 4w} +.--- | 


wel £08 W,)} +8 608 W,)+5 cos — W,)} 


2 
) {9 + 20 cos 2(w — W,) + 85 cos 4(w — W,)} 
q 


— p [3 sin 2w + gap { sinw + 5 sin } 
+ {2 sin 2w + 7 sin 4w } + ---] 
2M, 


— 2(w — W,) + sin (w — W,) +5 sin3(w — W,)} 


a 


+ ( gp.) {2sin —7,) + sin 4(w —W,)} + 


| 
| 
} 
| | 
| 
| 
| 
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where a is given by the relation v-a* = 4°. The numerical value of %* depends 
upon the masses and orbits of the finite bodies and must be determined sepa- 
rately for each of the three examples. 

Example 1. In this case 2, = 0.77172 and W,=7. Now &* is given by 
the relation 


M,+ M+ UM, 


N*= 


whence 
= 0.23768. 
It follows that 
eM, 
R’ = 2.58518, 


a 


R, 


2M, = 2.37630, 


a=1.05914y, = 1.37222y. 


The equations of motion become 


dw 
( + = (2AB0TE + 7.44222 cos 200) pp 
— (1.15938 cos w + 1.93230 cos 3w ) p? u* 
+ (4.23765 + 9.41700 cos 21 + 16.47975 cos 40) + 


Pw dw 
Pde + *dr\ drt 


(50) 
= — (7.44222 sin 200) py? 

+ (0.38646 sin w + 1.93230 sin 3w ) p* uw’ 

— (4.70850 sin 2w + 16.47975 sin 4w)p* wt +.---. 


The periodic solution of equations (50) is 
p=1— Zu — (0.27136 + 0.96615 cos r + 4.96148 cos 27) wu? 
+(0.62584—19.13740 cos r—2.47963 cos 27+ 0.40256 cos 37)y>+---, 
w = 7 + (1.98280 sin + + 6.82204 sin 27) u? 
+ (41.10885 sin + + 10.74793 sin 27 — 0.48307 sin 3r)y* + ---. 


Example 2. In this case 2, = 1 and W,=7/3. Here is given by the 


relation 
(M+ M+ M,), 


whence 


k? = 0.06250. 
It follows that 


k? M, = 0.62500, k? M, = 1.56250p, a = 0.67860. 


/ 
| 
f 
e 
| 
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The equations of motion become 
+ = (0.81250 + 0.98750 cos pu’ 
+ (0.78125 — 1.17188 cos 2w + 2.02977 sin 2w ) py? 
+ (0.47714 cos w + 0.79523 cos 3w ) p* 
+ (0.59643 cos w + 1.03308 sin w — 1.98808 cos 3w ) p? u' 


(52) + (0.16188 + 0.85974 cos + 0.62954 cos 4w) p> ---, 
d 
+ (at = — (0.93750 sin 2w) py? 

+ (1.17188 sin 2w + 2.02977 cos 2w ) py* 

— (9.15905 sin w + 0.79523 sin 3w) p* u* 

+ (— 0.19881 sin w + 0.34436 cos w + 1.98808 sin 3w ) p? u' 

— (0.17987 sin 2w + 0.62954 sin 4w) p* yt + ---. 


The periodic solution of equations (52) is 

p=1— gu + (0.45139 + 0.89762 cos — 0.62500 cos 27) 
+ (—0.47647 + 1.04542 cos + + 0.86090 sin r+ 0.46875 cos 27 
— 1.35318 sin 27 — 0.16567 cos 37) uw + ---, 

w= T + (— 0.79524 sin + 0.85938 sin 27) 


+ (0.13882 — 3.25720 sin r + 1.72180 cos t + 0.27995 sin 27 
— 1.86062 cos 27 + 0.19881 sin 37) py* + ---. 


(53) 


Example 3. In this case M, revolves about J/, in a circle of radius A, with 
an angular velocity V,. Let WV, be determined by the relation 


N,— N= 2v. 
A,, R,, and W, are determined by the relations 
Ni AS = (M, + M,), 
R, = V1+ A? + 2A,cos2vt = V1 + A? + 2A, c08 27, 
A, sin 27 


in W, = 


h, 


Az 
2k, 


cos W, = 


| 
| 
| 
| 
| 
| 
| 
| 
| 
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Here i? is given by the relation 
Ne=h(M+M), 


whence 
= 0.09091. 


It follows that 
k? M, = 0.90909, k? M, = 0.09091, 


A, = 1.01200z, a = 0.76910,. 
The differential equations become 


2 
+ + = (0.50000 + 1.50000 cos 2w) pu® 


+ (0.86523 cos w 4 1.44205 cos 3w) p?u* 

+ (0.33273 + 0.73940 cos 2w + 1.29395 cos 4w ) p* u* 

+ (0.27600 sin 27 sin 2w — 0.13800 cos 27 — 0.41400 cos 27 cos 2w) pu* 

+ (0.10474 + 0.17456 cos 47 + 0.31422 cos 2w + 0.10471 cos 47 cos 2w 
— 0.55864 sin 47 sin 2w) 

+ (0.07960 sin 27 sin w — 0.31840 cos 27 cos w — 0.53068 cos 27 cos 3w 


(54) + 0.39801 sin 27 sin +--+, 


+ +n) = — (1.50000 sin pu® 


— (0.25841 sin w + 1.44205 sin 3w) p? 
— (9.36970 sin 2w + 1.29395 sin 4w ) p* p* 
+ (0.27600 sin 27 cos 2w + 0.41400 cos 27 sin 2w) py* . 
— (0.81422 sin 2 + 0.10471 cos 47 sin 2 + 0.55864 sin 47 cos 2w ) py" 
+ (0.02658 sin 27 cos w + 0.10613 cos 27 sin w + 0.39801 sin 27 cos 30 
+ 0.53068 cos 27 sin 3w)p* wt + ---. 
The periodic solution of equations (54) is 
p=1— + (0.38889 + 0.72102 cos — cos 27) 
+ (— 0.02616 + 2.09168 cos 7 — 0.45400 cos 27 — 0.30043 cos 37 
+ 0.03450 cos 47) +---, 
w= 7+ (— 1.44204 sin + 1.87500 sin 27) 
+ (— 6.29838 sin rt + 2.12066 sin 27 + 0.36051 sin 37 
— 0.03881 sin 47) + ---. 


(55) 


y 
| 
. 
| 
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The orbits represented by the solutions (51), (53), and (55) are illustrated by 
figures 2, 3, and 4 respectively. The comparison circles in the figures are not the 
circular orbits which have been called the undisturbed orbits. The undisturbed 
orbits are referred to fixed axes while the drawings are made with reference to 


Fie. 4. 


rotating axes. The comparison circles represent orbits in which the particle 
would make a complete revolution with respect to the rotating axes during the 
period. In figure 2 the points which are numbered 1, 2, .-- represent the posi- 
tions of the particle in the periodic orbit at intervals in t of r/12. The cor- 
responding positions in the comparison circle are “indicated by the numbers 
1’, 2’,---. In figures 3 and 4 the intervals are 7/4. 
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A PROOF OF SOME THEOREMS ON POINTWISE 
DISCONTINUOUS FUNCTIONS* 


BY 
EDWARD B. VAN VLECK 


Barre in his important thesis + has given a number of interesting theorems con- 
cerning pointwise discontinuous functions. For their demonstration he employs 
the concept of semi- (i. e., upper or lower) continuity.{ However necessary the 
concept may be for subsequent portions of his investigation, its introduction is 
not needed for the particular theorems referred to. When the unnecessary 
element is removed, the principles of their demonstration, although very 
different in form, become equivalent to those used by Oscoop § in the deriva- 
tion of his theorem relating to the convergence of series of continuous functions. 
(Cf. § 5 below.) 

The object of the following paper is, in part, to establish the theorems with- 
out going so far as to introduce the notion of upper continuity, thus reducing 
the proof to somewhat lower terms. It is found that Batre has restricted 
J(#, y) more than is necessary in the following theorem : 

If f(x, y) is continuous in x and y separately and has a partial derivative 


Of /Ox at every point of 


?: eSy=d, 


this derivative, regarded as a function of (x,y), is at most only pointwise 
discontinuous. 
In fact, it suffices here to add to the hypothesis of the existence of Of/0x the 
condition that f(2, y) shall be continuous in y upon a set of parallels to the 
Y-axis which are everywhere dense in 7’ (see theorem II). Other extensions 
of Barre’s results will be noted further on (cf. theorems III and V). 

It is believed that in the analysis given here the necessary principles have 
been arranged and combined in so simple a form as to permit quick and easy 


" * Presented to the Society October 29, 1904, with a supplementary note April 29, 1905. 


Received for publication January 16, 1907. 
tAnnali di Matematica, ser. 3, vol. 3 (1899). 


t Loe. cit., p. 6, or see SCHONFLIES’ admirable Bericht iiber die Mengeniehre, Jahresbericht 
der deutschen Mathematiker-Vereinigung, vol. 8 (1900), p. 141. Reference to this 
report will be indicated hereafter by the word Bericht. 

2 American Journal of Mathematics, vol. 19 (1897), p. 155. 
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application to other problems of like character which may arise. As instances 
of such application I will cite the two following theorems, which I think are 
new and which constitute a second object of this paper : 

TueoreM VI.* Jf throughout the field 


a=r=b, eS=y=d, 


the function f(x, y) is continuous in x when y is constant and in y when x is 
constant, then 


= 


is at most a pointwise discontinuous function in the interval a= ax = b. 

THeoreM VII. Jf at every point of T the integrand possesses a partial 
derivative f' (x, y) which is continuous in the variables x and y considered 
separately, the integral F(x) will have a derivative in some set of points 
which is everywhere dense in (a,b), and the value of the derivative at the 
points here found will be obtained by differentiating with respect to the param- 
eter under the integral sign ; i. e., 


F(x) = yay. 


Furthermore, these points are points of continuity for 


nay. 


Concerning the former of the two theorems it may be remarked that it has 
been known previously + that when | f(x, y)| has an upper limit in 7’ the inte- 
gral F(x) is continuous in (ab). The cases of pointwise discontinuity there- 
fore arise only when there is no upper limit for | f(x, y)|. 


$1. The preliminary principles. 


We shall first demonstrate the following very simple 

Fundamental Principle: 4 If to every point p, of a continuum (or of a per- 
fect set of points)§ a positive number 6, is assigned in any manner, then there 
is some portion of the continuum (some perfect subset) where the points q; 


* The two theorems are numbered with reference to the place in which they are proved later on. 
+ ARZELA, Atti della R. Accademia dei Lincei, ser. 4, vol. 1 (1884-5), p. 537. It 
also can be deduced immediately from OsGoop’s theorem 5, loc. cit., p. 182. 

tA special case in which this principle is used incidentally will be found in the work of 
Osaoop, Mathematische Annalen, vol. 53 (1900), p. 463. Other instances of the use of 
the principle can doubtless be found. 

2 No restriction is here placed upon the perfect point-set. It may consist of a set of points 
nowhere dense in the space in which it is contained. The continuum may be either closed or 


open. 


| | 
| 
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which have §,> D are everywhere dense (dense with respect to the subset),* 
provided D is taken sufficiently small. 

Let us suppose, if possible, that this is not true. Denote by ¢,, ¢. ¢,, --- 
any sequence of decreasing positive numbers having 0 as their limit. Further 
let Q; denote the set of points g, for which 6,>¢,. Clearly Q, will be con- 
tained in Q,,,- If, now, the principle stated is false, then there is some por- 
tion of the continuum (some perfect subset) which contains no points of Q,. 
Within this portion (subset) there must be another part (perfect set) which is 
free from the points of Q,,and so on. The limit of this series of sub-portions 
(sub-sets), contained each within the preceding, is either a point ¢ to which 
belongs a non-negative number smaller than any ¢,, or a set of such points. 
But 0 is the only number having this property. This, however, contradicts the 
hypothesis that to every point there corresponds a positive number. The fun- 
damental principle is therefore established. 

By placing 6, = 1/8; and D=1/D’ the principle may be put also into the 
following form: If to every point of the continuum a positive number 6) is 
assigned in any way, the points g, for which 5; < D’ must be everywhere dense 
in some portion of the continuum, provided D’ is sufficiently large. 

Consider next the set S of points s, for which the assigned numbers 6, fall 
between D and 1/D. It will be seen at once that there must be some portion 
of the continuum (some perfect subset) in which the points s, are everywhere 
dense, provided, of course, that D is sufficiently small. Let the interval 
(D,1/D) be divided into any number of equal parts, 


n 


and denote by S,, S,, ---, S, the subsets of S for which the values of 5, fall suc- 
cessively in the intervals (D, D+e),(D+e, D+2e),---,(1/D—e,1/D). 
Since the points of S are everywhere dense in the part of the continuum (per- 
fect set) now under consideration, there must be some subportion (some perfect 
subset) in which the points of some one of the sets S, are everywhere dense. 
_ As, moreover, the value of « may be made as small as desired, we obtain the fol- 
lowing simple 

EXTENSION OF THE FUNDAMENTAL PRINCIPLE: Jf to every point of a 
continuum (perfect set of points) a positive number 8, is assigned in any 
manner, then for a sufficiently small value of D there is some portion of the 
continuum (some perfect subset) containing @ set of points everywhere dense, 
Sor which the values of 8, not only are greater than D but differ from one 
another by less than an arbitrarily assigned positive quantity €. 


* The points qi are said to be dense with respect to the subset, if within a sphere of any radius, 
described about any point of the subset as center, there lies always a point qi. 
} Cf. Bericht, p. 58. 
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In the case of a continuum of two or more dimensions it will be desirable not 
merely to know the existence of some portion of the continuum in which the 
points g, are everywhere dense, but to ascertain also their distribution on a field 
of curves or surfaces which completely fill that portion. Inasmuch as every 
surface can be regarded as composed of curves, it will suffice here to consider 
the distribution of the g, with respect to a continuous curve-system. For sim- 
plicity we shall confine our attention to a system of parallel straight lines, the 
results obtained being easily capable of extension to other curve-systems. 

Let first a portion of space be selected from the continuum in the form of a 
right cylinder having its axis parallel to the given system of parallel straight 
lines. For the case of a two dimensional continuum the cylinder shall be 
understood to be a rectangle. Consider then the segment intercepted upon any 
one of the parallels by the cylinder. Since each segment is itself a continuum, 
there must be for a sufficiently small value of J) some portion of the segment in 
which the points g, having 6, > D are everywhere dense. Denote for any seg- 
ment the length of such a portion by /, and the corresponding value of D) by D,. 
We will then assign to the segment (or, if we prefer, to its intersection with the 
base of the cylinder) the smaller of the two numbers /; and D;. Call it s,. 
Now the set of segments (intersections) is perfect, and therefore by our “ funda- 
mental principle” the segments (intersections) for which s, > S must be every- 
where dense in some portion of the cylinder (base), provided that S is a suffi- 
ciently small number. ‘Take any such portion and let this dense set of segments 
be denoted by G. Divide any element of this new portion into equal parts not 
exceeding S/2 in length, and through the points of division pass planes parallel 
to the base of the cylinder, thereby dividing the portion under consideration into 
a finite number of component cylinders. Each segment of G contains at least 
one interval of lengths, > S along which the points g, having 6,> s,> S are 
everywhere dense. Consequently some one of the component cylinders must 
intercept an interval of length S/2, upon which the points g, are everywhere 
dense. Since also the lines of G were everywhere dense before the subdivision 
into component cylinders took place, these intercepted intervals of length S/2 
must be everywhere dense in some portion of one or more of the component | 
cylinders. We obtain thus the following addendum to our fundamental principle: 

AppENpDuM. When the continuum is a portion of a plane or a space of 
higher dimensions, it is possible to select the region in which the points q, are 
everywhere dense so as to fulfill the following condition: For a sufficiently 
small but fixed value of D there is throughout the region a dense set of par- 
allels, upon each of which the q, ave everywhere dense ; and the direction of 
the parallels may be assigned arbitrarily before seeking the region. 


iz 
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§ 2. Application to derivatives. 


Let f(a) be a function of a real variable having a derivative at every point 
of an interval (a, ) of the X-axis. If € bea small arbitrarily assigned positive 
quantity, any point p, in (a, 4) can be made the center of'an interval 26, within 
which 


I shall assign to each point p, such a positive number 6,. Then, by $1, for a 
sufficiently small )) the points g, for which 6, > D must be dense in some por- 
tion of (a,b). Let (a’,b’) be such a portion, and denote by Q, the dense set of 
points g, within (a’,’). Then for any two points g, and g, whose distance 
— does not exceed D we have 


and therefore 


Consequently the variation of f’(a), taken for the set Q, and for any subin- 
terval of (a’, 6’) not greater than J) in length, will not be greater than 4e. 

The fundamental principle has been used thus to obtain a portion of the con- 
tinuum in which there is a dense set of points with a certain specified property. 
Our second step in this and subsequent demonstrations consists in the extension 
of the property to all points of the portion. In the special case before us now, 
every point p of (a’, 0’), and in particular a point p which does not belong to 
Q,, has a small neighborhood 2/ such that 


where ¢’ is an arbitrary small prescribed quantity. But also when |g; — p|=D, 
we have 
peg) | ce 
Consequently 
(2) IP ai) + 


As ¢ is arbitrarily small, we conclude from (1) and (2) that the variation of 
J’(#) in any portion of (a’, b’) not exceeding D in length will not exceed 
= be. 

This brings us to the third and final step of this and similar demonstrations ; 
namely, the establishment of the pointwise discontinuous character of the func- 
tion under consideration after it has been demonstrated that there is some por- 
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tion of the original field in which the variation of the function does not exceed 
an arbitrarily prescribed quantity ¢,. The reasoning is so familiar that I give it 
here once for all, remarking merely that it is applicable to fields of two or more 
dimensions as well as to intervals. Take any series of decreasing positive 
numbers ¢,, ¢,, --- having 0 as their limit. Inside the part of the field in which 
the variation does not exceed ¢ there must be, by like reasoning, a part in 
which the variation does not exceed ¢,; in the interior of this another part in 
which the variation does not exceed ¢,, and soon. The limit of this series of 
intervals or regions, taken each entirely in the interior of the preceding, is a 
point (or set of points) at which the function is continuous. Furthermore, as 
the argument applies to any portion of the initial field, the points of continuity 
must be everywhere dense, and the function is at most only pointwise discon- 
tinuous. 

Applied to /’ (a) in the particular case before us, this reasoning gives at once 
the following theorem : 

THeorem I. Jf a function of a real variable x has a derivative at every 
point of an interval (a,b), this derivative is at most only pointwise discon- 
tinuous in the interval (Batre).* 

{t is well known that the points of continuity in the case of a pointwise dis- 
continuous function have the power of a continuum. The same remark applies 
to all other sets of points obtained in this paper (cf. theorem VII) by the above 
method. In fact, to each value of ¢ there was found between a and b, or 
between any two points of (a, )),a certain interval with specified property. Con- 
sequently the totality of points which cannot be included in the interior of such 


_ intervals is nowhere dense in (a,b). Call this set of points B,. Corresponding 


to ¢, ¢,. --- we have an enumerable set of such sets B,, each nowhere dense 


-in (a, 6), and these together constitute what Barre calls a point-set of the first 


category.t The complementary point-set, which consists of such points as we 
obtain by our method, has the power of a continuum. ¢ 

Theorem I may be extended to one-side derivatives.. The extension is not 
without some interest, for it is known that the four derivatives of a function, 
when distinct throughout an interval, must be totally discontinuous.§ The 
possibilities in respect to continuity are accordingly settled for the various 
species of derivatives. For extension of the above theorem to one-side deriva- 
tives Batre’s proof requires no modification. The proof given here may be 
modified as follows. 

Suppose that only a right-hand derivative /; (a) exists in(a,b). Assign 

* BAIRE deduces the theorem as a corollary of the fundamental theorem which will be quoted 
at the beginning of 73; loc. cit., p. 64 or Bericht, p. 224. 

t Loe. cit., p. 65. 


Cf. Bericht, p. 108. 
2 Cf. Dint’s Grundlagen fiir die Theorie der Functionen einer reellen Grosse, p. 249. 
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to each point p, of the interval a positive number 6, such that 


For a sufficiently small D there will be some subinterval (a’, 6’) in which the 
points g, for which 6,> D are everywhere dense. Take within it two such 
points, g, and g,=9,+h, for which 0 <A= D/2. We have the three 
inequalities 


h)— fi | 


which combined together give 
+h) + — <e 
or 


(7) (92) 


Consequently for Q,—, i. e., the set of points g, within (a’, b')—the variation 
of f; (#) will not exceed 2e in any segment not exceeding D/2 in length. 

Take next any point p of (a’, b’) not belonging to Q, and let 6< D bea 
number assigned to it in accordance with (8). Since p is the limit of a set 
of points ¢g, which lie to the right of it, we may choose from Q, some point 
q,;=p +h for which 0 <h <6/2. Then if we replace g, by p and q, by q,, 
the inequalities (4)-(7) will hold as before. Consequently 


It follows therefore that the variation of f” (@) for any portion of (a’, b’) which 
does not exceed )/2 in length will not be greater than [= 4e. The conclu- 
sion that f(a) is at most only pointwise discontinuous then follows in the 
manner previously described. 
We shall consider next a function f(a, y) which has a partial derivative 
Of /Cx at every point of a field 7’ defined by 


ae=2z2=5, eSy=d. 


By virtue of this hypothesis /(#, y) must be continuous with respect to x. 
We suppose also that it is continuous with respect to y upon a set of parallels 
wv =, to the Y-axis which are everywhere dense in 7’, and proceed then to 
examine the character of 0 //0x in regard to continuity when both a and y are 
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varied. Any point p=(#, y) may be made the center of an interval parallel 
to the axis of # and having such a length * 26 that 


By the “addendum” of §1 it is possible for a sufticiently small value of D to 
find a part of 7’ 


Cx 


7’: eSysd 


where the points g, having 6, > D will be everywhere dense upon each line of 
some system of parallels, y = y,, which is itself everywhere dense throughout 7”. 
Let x=, and #=a,+h be any two lines within 7” along which f(x, 7) 
is continuous with respect to y. Then, h being fixed in value, the difference 
quotient 


(9) y)= 


Y) 
h 


will be a continuous function of y on the line x =«,. Denote by LL’ any seg- 
ment of the line in which the variation of (9) is less than a prescribed e, and 
upon LL’ as a side construct within 7” a rectangle 1 L’M’M having its second 
side L’M’ < D. 

Consider the variation of Of(«, y)/Cx in this rectangle, and first of all upon 
the dense set of parallels y= y,. If the intersection (#,, y,) of x, with one of 
these parallels is not itself one of the points q¢,, it is the limit of a set of such 
points upon y = y,, and we may take a point g, = (2, y,) so close to (x,, y;) 
that the difference of the values of the different quotient r(#, y) at these two 
points will be numerically less than an arbitrarily assigned quantity ¢. At the 
second point 4g, we have 

Since, furthermore, on the one hand, the variation of r(a, y) upon LL’ is 
less than €, and, on the other hand, the variation of O//0x upon y = y, is less 
than €=6¢e by the proof of theorem I, it follows at once that the total variation of 
Of/0, taken for the set of parallels y= y,, will be less than +2 (6€)+2 (e+e). 
Since also ¢’ is arbitrary, it will not exceed 15e. 

Bring next into consideration the points of the rectangle which do not lie 
upon the dense set of parallels y = y,. For any such point (a’, y’) we ean find 
another point («”, y’) so near to it that 
| | ~ 


(10) 


~ *In this and other cases BAIRE considers the maximum interval 26 fulfilling the condition 
imposed and proves that J as a function of (x, y) is ‘‘ semi-continue supérieurement.”’ In the 
method which is here being followed, it is unnecessary to introduce the maximum 46. 
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Now if neither point lies upon a line of continuity for /(«, y) with respect to y, 
we can take a pair of such points, (2', y’) and (%”, y’), so close to them that 

while if pen point lies upon such a line of continuity we have merely to iden- 
tify it in (11) with the corresponding point of the second pair. Having now 
two points upon lines of y-continuity, by varying y we can find one of the dense 
set of parallels y = y, so near to y = y that 


(12) 


But upon this parallel it is possible to select from the dense set of points g, such 
a point y,) that 


Since, lastly, for 


it follows immediately from (10)—(14) that 


y)_ 
| Ox Ox 
where e’ is arbitrarily small. As the variation of Of/0x upon the dense set of 
parallels y = y, does not exceed 15, we conclude from the last inequality that 
the variation of Of/0x in the rectangle LL’ M’'N will not exceed 15¢ +2e =17e. 

This rectangle can now be substituted in place of the original field. By 
indefinitely decreasing ¢, = 1Te we obtain as the limit of a series of rectangles, 
lying each within the preceding, a point of continuity of 0f/Ox considered as a 
function of (x, y). This proves the following theorem ; 

TueoreM II. Jf f(a, y) at every point of T possesses a partial derivative 
Of (x, y)/Cx and if, furthermore, there is in T an everywhere dense set of 
parallels x = x, upon which f(x, y) is continuous in y, then Of (x, y)/Ox as 
a function of (x, y) is at most only pointwise discontinuous. 

For the sake of completeness I call attention to Batre’s important remark* 
that when the derivative 0f/Cy exists as well as 0f/0x, there must be at least 
a set of points everywhere dense throughout 7’ at which both derivatives are 
continuous, and at which, therefore, f(x, y) has a differential. The proof fol- 
lows immediately by making the values of ¢, ¢,, ¢,--- refer alternately to 
the variation of the two derivatives. 


cit., pp. 108-110. 


<e+ 4’, 
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§3. Theorems on the continuity of f(x, y). 


Barre in his thesis has given the following important theorem : 
If f(x, y) is continuous with respect to y at every point of a rectangle 


T: eSy=d, 


and with respect to x on a set of parallels to the X-axis everywhere dense in 
T, then f(x,y) as a function of the two variables together is at most only 
point-wise discontinuous ; and the points of continuity in T will be every- 
where dense upon any curve having an equation of the form y = $(x), wherein 
(x) is a continuous function of x.* 

ScHONFLIES,} commenting on this theorem, has remarked that although 
Barre’s hypothesis of continuity with respect to x is stated for a dense set of 
parallel straight lines, this is clearly an unessential specialization, for in place of 
this set of parallels “eine tiberall dichte Curvenschar” could be substituted. 
There is, however, nothing in Barre’s work to indicate the mode of distribution of 
the points of continuity along such a system of curves y = $,(#) as SCHONFLIES 
suggests. I shall complete the result by establishing the following theorem : 

TueoremM III. Jf f(x, y) is continuous with respect to y at every point 
of T and with respect to x upon a set of curves everywhere dense and having 
equations of the form y=$,(x), in which $,(x) is continuous in x, then 
J («, y) as a function of (x, y) is continuous at all the intersections of these 
curves with some set of parallels to the Y-axis which are likewise everywhere 
dense in T. 

Proof. To every line x =~, in the field 7 let a positive number 6, be so 
assigned that the variation of /(«, y) in any segment not exceeding 6, in length 
will not exceed a fixed but arbitrarily prescribed «. According to our funda- 
mental principle, for a sufficiently small value of D the set of lines « = &. for 
which 6, > D must be dense in some portion of 7’. Suppose such a portion 
T’ to be included between « = &, and x = &,, and denote the dense set of lines 
between these limits by =. We shall establish first that the characteristic 
property of the lines of = holds within 7” for every parallel to the Y-axis. 

Consider for this purpose any line # = 2 which is not known to belong to 
=. It is eut by the curves y = ¢,(x) in a dense set of points (a, y;). Take 
now any two points whatsoever of the line, («’, y') and (2’, y”), for which 
\y —y"| =D. If these points are not themselves included in the dense set of 
intersections (a, y,), we can take two of the intersections y;), 
which lie so near to these two points that simultaneously 


= D, 


* Loe. eit., p. 27. 
t Bericht, p. 140. The specification as to their distribution upon y=¢() is omitted in 
ScHONFLIES’ summary of the theorem (p. 142). 
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in which ¢’ is arbitrarily small. Then since (2’, y;), (2’, y,) are points of con- 
tinuity of f(2, y) as a function of #, they may be made the centers of intervals 
parallel to the X-axis and so small that in either interval the variation of 
J(, y) will be less than ¢’. Furthermore, since the lines of = are everywhere 
dense in 7’, the two intervals will be cut by certain lines of the set. Let 
(', y,), (&',y,) be the intersections of the two intervals with some one of 
these lines. We now have the inequalities 


It follows then by combination of these with the inequality above that 

and hence, since ¢’ is arbitrary, 

Se 
We have thus shown that the variation of f(#, y) in 7” upon any parallel to 
the Y-axis will not exceed ¢ for any segment of the parallel not greater than D 
in length. 

Any point (x,.y,) within 7” at which f(2, y) is continuous with respect to x 
can now be made the center of a rectangle, with sides parallel to the axes of x 
and of y, in which the variation of f(x, y) does not exceed 3e. For suppose 
it first to be made the center of an interval (x, — 6’, x, + 8’) parallel to the 
X-axis in which the variation does not exceed ¢«. Then the rectangle bounded 
by 

a, — a, +8, y=y,—D, y=y,+D, 


or so much of it as lies in 7’, fulfills the conditions stated. 

Let the value of € be now diminished. Corresponding to an indefinitely 
diminishing series ¢’, - - - we will have a series of rectangles 7”, 7”, - - - 
having the same altitude as 7’ and lying each within the preceding. The limit 
of this series of rectangles is a line y = (or a continuous set of such lines) 
which has the following property: Every point of the line at which f(x, y) is 
continuous with respect to x is also a point of continuity of f(x, y) with respect 
to (x, y), inasmuch as it can be enclosed in a series of rectangles in which the 
variation of f(x, y) is successively not greater than 3e’, 3e”, 3e”, ---. In par- 
ticular, every point in which the line is cut by the curves y = ¢$,(x) is a point 
of continuity of f(x, y). 

If the original field 7’ is divided into two parts by a parallel to the Y-axis, 
our reasoning applies to each part. The lines y= 7 are therefore everywhere 
dense in 7’. This proves the theorem. 

Trans. Am. Math. Soc. 14 
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One particular case of theorem III is worthy of special note, that in which 
J (, y) is continuous in x and y separately at every point of 7. Applied to 
this case the theorem becomes the following corollary : 
TueorEM IV. Jf f(x, y) is continuous in x and y separately, there exists 
in T an everywhere dense set of parallels to the Y-axis (also to the X-axis), 
at every point of which f(x, y) is continuous in (x, y). 
4 This is merely another statement of the following conclusion of Barre :* 
q TueorEM IV’. Jf f(x, y) is continuous in x and y separately within T, 
q the projections upon the axis of x of all points of discontinuity whose measure is 
; greater than an arbitrarily prescribed positive quantity o will be nowhere dense. 
To establish the equivalence of the two statements, it suffices to note that, by 
the proof of IV, between any two parallels to the Y-axis containing points of 
discontinuity which have a measure greater than o, there may be inserted one 
of our strips 7” for which o, = 3¢ may be taken less than o. Because 3¢ is an 
upper limit for the measure of discontinuity at all interior points of 7”, it fol- 
¥ lows that the projections of the discontinuities having a measure >o can be 
t nowhere dense. Conversely, if IV’ be assumed, theorem IV at once results by 
ft application of familiar principles. 

In the method which I have given here, attention has been concentrated upon 
the parallels of continuity for f(#, 7) rather than upon those containing points 
of discontinuity. This makes it easy to make the following advance beyond 
Barre’s result : 

TueorEeM V. Upon the hypothesis enunciated in theorem IV there exists 
also a set of lines everywhere dense in T and parallel to the Y-axis, upon 
each of which f(x, y) as a function of (x, y) is uniformly continuous.t 

To prove this theorem consider again the strip 7’. Divide any interior line 
x = x’ into segments equal to or less than ))/2 in length by means of the points 


Each point (2’, y,) can be made the center of an interval 2c, parallel to the 
axis, in which the variation of f(a, y) does not exceed a prescribed «. Let o 
be the smallest of the numbers o, and mark out a strip of 7” bounded by the 
parallels 


Take now any two points (2, y), (#”, y”) in the interior of the strip such that 
|y—y"| = D/2, and make each point the center of an interval of length D 


* The proof given above is much simpler than that of BATRE (loc. cit., pp. 88-94), who does 
not make use of the theorem of which III was an extension. 

+ The term “‘ uniformly continuous’’ here signifies that if any ¢ is arbitrarily prescribed, a 
value 6 can be found such that for the vicinity of all points (2’, 7’) of the line considered the 
variation of f(a, y) will be less than ¢ when |x—2’| =, |y—y’|=4, provided, of course, 
(a, y) lies within the field 7. 
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parallel to the axis of y.~ It has been seen that the variation of f(x, y) in 
either of these intervals does not exceed €. Since also they will cut in common 
some one of the n intervals o;, we have 


| y) — y”)| = 8e. 
If now we confine ourselves to the strip S bounded by 


— a, +o, 


every point in S may be made the center of a square, the sides of which are 
parallel to the axes and have a length equal to the smaller of the two numbers 
aand D. Within the square (or such part of the square as is contained in 7’) 
the variation of f(a, y) will not exceed 6. 

The strip S may now be substituted in place of 7, and the reasoning be 
repeated. To a sequence of indefinitely diminishing values e¢,, ¢,, €,, --- there 
corresponds a series of strips of decreasing breadth, contained each in the pre- 
ceding, and the limit is a line x = % on which f(x, y) is uniformly continuous. 
Obviously, also, such lines will be found between any two parallels to the axis 
of y, and they are accordingly everywhere dense in 7’. 


§ 4. Theorems concerning integrals. 
Suppose that 


(15) F(x) = 


is the integral of any function f(x, y) which in the rectangle T is continuous 
in « and y separately. We have just found in 7’ a strip S for which the fol- 
lowing property holds: If |’ — a”| does not exceed o, then 


| y) 2", y)| = 8e. 


Consequently we have for the difference of the values of (15) along the parallel 
paths x= 


In other words, in the interval (a, 6) may be found a subinterval in which the 
variation of does not exceed = 6e(d—c). The conclusion concern- 
ing the pointwise discontinuous character of /’(2) which has been stated previ- 
ously in theorem VI of the introduction, follows at once in the manner explained 
in §1. 

Consider next the difference quotient 


F(x + Ax) — F(x) (x + Ax, y) y) 
Ax ‘ Ae ay, 


| 

i 

qf 
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If f(x, y) has a derivative with respect to x, the application of the mean-value 
theorem gives for the value of the right-hand member 


4 yay, 


where @ is a number between 0 and 1 which varies with y. If, now, f'(x, y) is 
continuous in # and y separately, there is a strip of 7’ between two appropri- 
ately chosen parallels « = 2 + 8, within which the variation of f’ (2, y) for 
constant y will not exceed 3¢. Hence when x and x + Aw both lie between 


these limits for 2, we have 


Consequently 


F 
te 


je,| = 8e(d—e). 


The interval (x — 6, x + 8) and the corresponding strip of 7’ may now be sub- 
stituted in place of (a, 6) and the field 7’, and the argument may be repeated 
with a smaller value of e. Continuing in this way we obtain with diminishing 
e a series of intervals contained each in the interior of the preceding and having 


for their limit a point # at which 
. Ar)— F(x , 
Ar=0 
As the argument applies to any portion of (a, b), the first part of theorem VII 


is established. 
The second part of the theorem follows from the remark that in the succession 


of strips diminishing with ¢ the variation of f'(x, y) for constant y does not 
exceed 3¢, so that the variation of 4 


F(x) 


does not exceed 8e(d —c). The limiting point.« is therefore a point of con- 
tinuity of 


where 


§ 5. On series. 
Let 
S(x) + u,(%)+--- 
be a series, whose terms are continuous in (a, 4) and which converges at every 
point of this interval. Denote by S,(a) the sum of the first x terms of the 
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series. To each point x, of the interval a number 7, can be so assigned that 
| — S(#,)| <e (m=1, 2, 3,---). 


If € is fixed and a sufficiently large V is selected, the set of points x = q, for 
which n, < NV will be everywhere dense in some subinterval, (a’, ’). Let 
denote this set of points. Contract this interval so much as may be necessary 
to make the variation of the continuous function S,(2) within (a’, d’) less than 
e. Then for g, and q,, any two points of @, we have 


| — S(q,)|<e, 
| — 


| Sx(q)| <€. 


Hence 
(16) | S(9q,) — 8es 


that is to say, the variation of S(«) in (a’, b’) over the set @ does not exceed 6¢. 
Consider next a point p in (a’, b’) which does not belong to Q. A fixed 
value V’ = XN can be found such that 
| Sw(p)— S(p)|<é. 


As the points g, are everywhere dense in (@’b’), one of these points be found so 
near to p that 


| Sw(p) — Sw(9;)| 
| — <> 
it follows from the last three inequalities that 
(17) | S(p) — S(q;)| <€+ 


But ¢’ is arbitrary. We conclude therefore from (16) and (17) that the varia- 
tion of S(x) within (a’, b’) can not exceed & = 8e. By § 2 this gives at once 
the following theorem : 

TueoreoM VIII. the series 


S(x) = u,(x%) + 


Since also 


converges at every point of an interval (a, b) and each term of the series is a 
continuous function of x, the sum of the series can be at most only pointwise 
discontinuous in (a, 6) (Batre).* 

This theorem was first proved by Oscoop + for the case in which the limit is a 


* Loe. cit., p. 62, or Bericht, p. 224. 
tAmerican Journal of Mathematics, vol. 19 (1897). 
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continuous function, and he showed, moreover, that the points of uniform con- 
vergence* are everywhere dense. Recently Hosson{ has proved that the 
points of uniform convergence are also dense in the more comprehensive case 
considered in theorem VIII. This conclusion results also from the proof given 
above, for it can be shown at once that all the points of continuity for S(«) 
obtained through the demonstration are points of uniform convergence. Take, 
in fact, any one of these points. It can be made first the center of an interval 
(a, 8) in which the variation of S(a) is less than e. But it also lies in an inter- 
val (a’, 6’) in which the points g; are everywhere dense. For any of these points 
we had 
(18) — S(a,)| <e (n=N). 
In the vicinity of any point p of (a’, b’) we can find a point g, so near that, 
for given n and e’, 

| S.(p) = < 
But for two points g,; and p interior to (a, 8), 

|S(9;)— S(p)| <e. 

Hence from the last three inequalities 
(19) |S,(p) — S(p)| = (n>). 
The two inequalities (18), (19) hold simultaneously for the common portion of 
(a’, 6’) and (a, 8), and consequently the center of (a, 8) is, as stated, a point 
of uniform convergence. 


* By a point of uniform convergence is to be understood one which, for any arbitrarily assigned 
e, can be enclosed in an interval in which 


<e (n>) 


for all values of x and for a sufficiently large NV. 

t Proceedings of the London Mathematical Society, vol. 34 (1902), p. 245, or 
Acta Mathematica, vol. 27 (1903), p. 209. Anearlier proof was given in TOWNSEND’s dis- 
sertation (Géttingen, 1900), p. 68. Ps 


q 
4 
q 
| 
| 
| 
| 
q 
| 
if 
| 
| 


INVARIANTS OF BINARY FORMS UNDER MODULAR 
TRANSFORMATIONS* 


BY 


LEONARD EUGENE DICKSON 


For a non-modular field #’ and a binary form f with coefficients in 7’, the 
problem of the determination of functions of the coefficients and variables of f, 
invariant under all binary linear transformations in /’, is formally identical 
with the corresponding problem of the ordinary algebraic invariant theory. 
But for a finite modular field the problem is essentially different; the terms of 
an invariant need not be of the same degree nor of constant weight; the anni- 
hilators are quite complicated, involving higher partial derivatives. Fortunately, 
the difficulty in the direct computation of the invariants is in marked contrast 
with the regularity observed in the actual form of the invariants and with the 
simplicity of the relations between the invariants, common to the algebraic and 
modular theories, and the additional invariants peculiar to the modular theory. 

In the study of the invariants of a given quantic in the Galois field of order 
p”", we have a doubly infinite system of problems, corresponding to a single 
problem in the algebraic theory. Interest naturally centers in a comparative 
study, rather than in the individual problems. The aim-of the present paper 
is to give in correlation the results of a rather extensive comparative study. 
Formal proofs of the laws observed are given only in a few instances. It is 
hoped that proofs of the remaining properties observed will become more prac- 
ticable when a satisfactory symbolic treatment is constructed. 

Since there is evidently only a finite number of linearly independent invari- 
ants J of a given binary form of degree m in the GF'[ p"], each set of num- 
bers m,n, p uniquely defines a commutative linear associative algebra, whose 
units are these invariants J. 

In the final sections of the paper, application is made to the invariantive 
reduction of binary quantics to canonical forms. 


* Presented to the Society at the preliminary meeting of the Southwestern Section December 1, 
1906. Received for publication December 19, 1906. 

t The invariants of k-ary quadratic forms are treated in papers to appear in the Proceedings 
of the London Mathematical Society and the American Journal of Mathematics. 
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1. Toeorem. The binary form* with coefficients in the GF'[ p" ], 


(1) S= 
has the absolute invariant 
(2) p=p"-1. 
Here and below we employ the generators (¢, ’ any marks + 0) 
(3) y=ys 
(4) y = ry; 
(5) y= — 


of the group of all binary linear transformations with coefficients in the 
GF [p"]|. Under (8) becomes a form /” with the 


(6) a=a, a =a,+mta,---, a =a,+ 
j=0 
Under transformations (4) and (5) we have, respectively, 
(7) a, = (i=0, 1,---,m), 
(8) a,=(—1)"“‘a,_, (i--0,1,---,m). 


Under the replacements (7) and (8) the function (2) is unaltered, since * = 
for every mark } + 0. Consider next the replacement (6). The first factor 
a“ —1 is unaltered. Then, since (a* —1)a,=0, 


—1) = (ay —1)(at —1 + da,) = (a5 —1)(a¢ —1). 
The proof may be completed by induction from i—1 toi. Let 


i 
P,= —1). 
Then 
= P,_,(a% —1)=P,. 


2. The absolute invariant (2) has a simple interpretation. According as 
a+0 or a=0, we have a*—1=0 or —1. Hence the form f vanishes 
identically if and only if I+ 9. 
 *We do not at present introduce binomial coefficients C,,;, some of which are divisible by p 
for certain values of m and p. 
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Frequently a property expressible by a single invariant in the modular theory 
requires in the algebraic theory the use of a covariant or else an invariantive 
simultaneous system of equations. <A less obvious instance relates to the minors 
of the determinant of a k-ary quadratic form. 


3. THrorEM. For m a power of p, the binary form (1) of degree m with 
coefficients in the GF'[ p"] has the absolute invariant 


(9) (a-1), B=p"—1. 


The proof is similar to that in §1. We now have 
C,,; = 9 (mod p) 
so that there is no term a, in a, (i =1, ---, m—1) in formule (6). 
4. An obvious invariant of fis the eliminant F of 
S=9, y"=y. 


For example, let m= 3, p"=3. Multiply f by wy, and in turn and 
reduce by means of #* = 2, y°=y. The corresponding equations 


aye + + + =0, (a, + a,)x*y + (a, + 4,)xy? =0, 


(4, + ae +(a,+4,)a°y + aay’ = 0, 
have the eliminant, identical with (17) of § 9, 
a,a,{(a,+a,)? —(a,+a,)}. 
Evidently, = a, 22, where is the resultant of 


By the elimination of 1, y, y?, ---, y’"-! by SyLvesTer’s dialytic method, we 
obtain for 72 a determinant of order p" in which each element in the main diag- 
onal is a4,. The numerical factor is thereby determined so that 2 = a2" +---. 

Except in the simplest cases, it is more convenient to have / expressed as 
the product of the linear functions obtained from / by giving to x, y the p"+ 1 
sets of values 0,1; and 1, p, where p ranges over the marks of the field : 


p ranging over the p"]. 


For the case of quadratic forms (m= 2) in the GF'[ p"], simple expres- 
sions may be given to #. For p=2, H=a’‘x, where y is the absolute 


| 
| 
m—1), 
| 
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invariant given by (20). For p> 2, 
E = }( Ate") — A), —4a,a,. 


Note, in verification of this result, that f, = 0 has a root in the field if, and only 
if, the discriminant A is zero or a square, so that # = 0 if, and only if, 


For cubic forms, consider first the case p" = 3°. 

We define the G#’[9] by the primitive irreducible congruence ? = i + 1 
(mod 3); then the marks + 0 are 1, i, 7, i, and their negatives. Hence 
E = ,a,7 , where 

w= II {(a, + — (ap + ap*)’} (p=1, i, #, #) 


= II (a) —ap? + Bpt—azp’) (a=a}+ agaz, 8 =a3 + 


Forming the product of the factors given by p=1, i”, and those given by 
p=i, i, we get, since it = —1, 


m= {(ai + — (a2 + {(a — 8) + (ai —a)'} 
=(a5+aja+ 
Since a,a,(a3 — a3) = 0 in the field, are readily obtain the result : 
E = — ayata’ + (a2a,a3 — ) at — + areas + afa,) a} 
+ 


For p + 8, we shall employ the cubic form (40) with binomial coefficients. 
Then 7 is the product of the functions a, + 3a,p + 3a,p? + a,p*, p ranging over 
the marks + 0. For p" =2, 2’, 2°, the expressions for 7 and £ are given in 
§ 23. For p" = 5, 

= (a; — a; — — (aj — a3 + aa,)° 

= —a} + a} — a} + — + 2a,a,a; — 2a‘a,a,+ 2a,aza, — 2a,aia,, 

so that / is given by (90). For p" = 7, it is convenient to set 


a=a—ai, B=a,a, + y = —a,a, — 


Forming the product of the factors by twos, viz., those with p= +1, those 
with p = + 2, and those with p = + 3, we obtain the interesting result : 


284 4y)(a+48 4+ 2y) = B+ (mod 7). 
The resulting expression for / is given by (93). 


} 
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5. THeorEeM. The weights o =e, + 2e,+---+me,, of the various terms 
of an invariant > differ by multiples of w= p"—1. 


Here and in § 6, let ¢ become ¢’ = D’¢ under every binary transformation 
of determinant D. Consider the special transformation (4) in which \ is a 
primitive root of the GF’[ p"]. In view of (7), the above general term of ¢ is 
multiplied by A”. Hence 


AY (mod pz). 


6. THeorEM. The degrees p of the various terms of an invariant differ 
by multiples of w/6, where & is the greatest common divisor of m and 
w=p"—1. Further, mp — 2c is a multiple of pw. 

For the transformation « = Ax’, y = ry’, we have a; = XA" a,. Hence a term 
of degree p of ¢ is multiplied by \”"", so that mp = 2d (mod »). 


7. The differential operators which annihilate an invariant are here more 
complicated than in the algebraic theory. This is due primarily to the fact that, 
in a series of powers of an arbitrary mark ¢ of the G/'[ p" ], certain terms now 
combine, viz., -.-, where p"—1. Since a” =a for every 
mark a, we may assume that the exponent of each a; in an invariant does not 
exceed 4. Then, for the case n = 1, we can employ TayLor’s theorem for 
the expansion of a polynomial of degree » = p — 1, 


since the denominator i! is prime to the modulus p. The case n> 1 appar- 
ently (cf. § 10) offers a theoretical difficulty ; it actually presents a difficulty 
from another source ($12). We therefore begin with examples illustrating 
the simpler case n = 1. 


8. For the first illustrative example, consider the form 
(11) + a, xy + 


in which the coefficients are integers taken modulo 3. Under the transforma- 
tion (3), a, and a, receive, in view of (6), the respective increments 


a,=2ta, 


Let ¢ be a polynomial in a,, a,, @,, with exponents =2. By Taytor’s the- 
orem, 


q 

i 

i 

if 

i” 
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— P= hu, + + A % Pasay + 
where ¢,;,,, denotes ete. Then — = t8¢ + #°8,¢, where 
+( +4505) 


A necessary condition for ¢' = ¢ isd =90. This condition is also sufficient. 
Indeed, if [ 5] denotes d¢ in reduced form, i. e., with every exponent = 2 (in 
virtue of a’ = a), then 6[6¢] = 6,6. To verify the latter, note that if y is 
a reduced function of a, viz., ~= + sa +t, then [aw] = ra + sa* + ta, 
and [ay], (mod3). Again, if xy = sa+t, = sa+te’, 
and 

[ex], =@x,+(@)x+x, (mod 3). 


Proceeding to the computation of the invariants, we may set 


( Aj; quadratic functions of a, ). 


d= 


A.aia 
4 


0,1,2 


Employing the annihilator 6 and giving to d¢ its reduced form [8] with 


exponents = 2, we require that [6] = 0, identically in a,, ¢,. Among the 
resulting conditions occur 


A,, =9, A,,=9, A,,a,= 9, A,,a,=9 (mod 3). 
In view of these, the remaining conditions reduce to 


A,,a,— A,,— A,, = 9, A,,a, + A, + Ay, — A, 45 — Ay, a, = 9. 


20 


From A,,a,=0 we get A,, = r(a?—1), where r is a constant. The term 
ra.a\ a; is unaltered by transformation (4), so that 7 = 0 unless ¢ is an abso- 
lute invariant. In the latter case we replace ¢ by ¢—~rJ, where J is the 
invariant given by (2). In either case, it remains to consider ¢ with A,, = 0. 


Under transformation (5), 
(8°) a), = a=—4, @, = 


This replacement must leave ¢ unaltered. But by A,, = 0, a?a? is a factor of 
no term of ¢. Hence aa? is a factor of no term of ¢. We may therefore set 


A, =a+ Ba,, A,, =r + ma, (a, 8, 2, constants ). 
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Similarly, by A,, = 0, a, a? is a factor of no term, so that A,,=0. The above 
long conditions now give 

A), = aa, + Ba‘, A, 
The conditions that ¢ shall be unaltered by (8’) are w= a, =k—aa,,ka 


constant. Hence 


= a; + (B—r)a,a,+ ra; + +aQ+hk, 
where 
(12) + aa, + aia, + 


The coefficient of > is the discriminant A = aj — a,a,, that of 8 is congruent 
to A*?—A. As the linearly independent invariants of the quadratic form (11) 
modulo 3, we may take 7, Q,A4, 4°. Now l= Q4+ As the inde- 
pendent invariants we may take Q and A. . 


9. Consider the binary cubic (1),,_, with integral coefficients modulo 3. The 
discriminant A and (9) give the absolute invariants 


(13) A= aja; — aa, — 4,4,, 
Hence there is an absolute invariant of the second degree : 
(14) 


In view of (6), a, and a, are unaltered by transformation (3), while a, and a, 
have the respective increments 2¢a, and ¢(a,+ a,) + @a,. The coefficient of 
t in @ — ¢ gives the annihilator 


+ + bo, — + +) bg — + Bote 


(15) 
+ 4, + Pasay — G (Gy + 


By $$ 5, 6, the terms of an invariant ¢ are all of even degrees, while all are 
of even or all of odd weights. Further, by (5) and (8), @ must be unaltered by 
the substitution 


Let first the weights be even, so that by § 5, e, = ¢, (mod 2) in every term 
of ¢. Then, in view of (16), @ must have the form 


+03) + +f) +d + + + fatal + + 
+ h( aja; + aia; ) +j + ) +h (aja, + + laja,a,a, 
+ + + + + + ) 


2 22792 
+ 
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By subtracting from ¢ suitable multiples of P, A’, A’, and J, given by (2), 
we may setc =d=k=r=0. Then (15) vanishes if and only if 


baj=ul=m. 
The coefficient of m is the absolute invariant 
T= a? + a} — aa — — — — + + 
+ a,a,a,a, + + ajaza; — azaaza, — 
Finally, when the weights are odd, the possible terms are 


— + G(a2a,a, — + H(aza,a, — aza,a,) 


2 2 2 27,2 2772, 
+ J(ajaa, — aaja,) + K(ajaa, — ajaa,) + — ajazaa,). 


The conditions that (15) shall vanish are B= G=K=L=0,J=H. Hence 


(17) E=aiaa, — aaa, + aaa, — 


is the only invariant of odd weights. By §$ 4, 27, the cubic form is irreducible 
modulo 3 if, and only if, # + 0. 
The relations between 7’ and the remaining invariants are 


IT=0, PT=P-I, AT=I-P+T, ET=E#, T? = T. 
We obtain the simpler relations * (19) by introducing W = / — P + 7, viz., 
(18) W=ai(a2a?a? — — a,aza, + a,4, — + a,(— + a,a,a,+ a@a,). 

THEOREM. As a complete set of linearly independent invariants of the 


cubic form modulo 3, we may take IT, P, A, A’, E,W. The product of any 
two invariants can be reduced to a linear function of these six by means of 


Peal, IP=I, IA=IJE=IW=0, P’=P, PA=PE=PW=0, 
A’=A, AF=F, AW=W, E*=W, EW=E, W*=W. 


10. The next illustrative examples relate to the invariants of a quantic in the 
GF p"], »n>1. We require the expansion of in powers of 
where ¥(@) is a polynomial of degree at most »= p"—1. This can be done 
by TayLor’s theorem, the coefficient of ¢' being the quotient obtained algebra- 
ically by dividing y" (a), all of whose coefficients are exact multiples of i!, 
by the number i!. Similar remarks apply to TayLor’s theorem for two or 
more variables. 

° Conforming with the relations (7 21) between the invariants of the cubic form in the GF[9]. 


Note that 7— P+ 7 and —A— A? are the only invariants W satisfying the relations (19) involv- 
ing W. Hence there is a single invariant W which can replace 7. 
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11. Consider the quadratic form (11) with coefficients in the GF'[2"]. 
Under the transformation (3), a, and a, are unaltered while the increment to a, 
is ta,+@a,. Let ¢ be a polynomial in a,, a,, a,, with exponents = 2" — 1. 

Let first n = 2. Then the coefficient of ¢ in ¢’ — ¢ equals 


a, + as [ 34.3 + [ 


where the indicated divisions of the derivatives by 2 and 6 are to be performed 
algebraically and the quotients only are interpreted in the GF'[4]. If we set 


3 
d= Bas ( B’s functions of ay, 4; ), 


the above expression for the coefficient of t becomes, in the GF'[ 4], 
a,(B, + + a3 ( B,+ B,a,) + aaj B,. 
This must vanish identically in a,. From a, B, = a, B, = 0 we get 
(r=constant)...- ——- 


The remaining condition * becomes a, B, + a5 B,=9. Replacing ¢ by ¢—r/, 
where J is the absolute invariant (2), we may set B,=0. By (8), must be 
symmetrical in a, and a,. Hence no term of ¢ contains the factor a} or the 
factor a’. By §§ 5, 6, the degrees p (and likewise the weights o) of the various 
terms of ¢ differ by multiples of 3, and p = o (mod 3). 

Let first p=oa=0. Then ¢ involves only the terms a}, a,a,4,, a, a; a3, 
so that 

B, = la, B, = ma,a,, B, = ka‘ a‘. 


Then m=k by a, B,+ a; B,=90. The linearly independent invariants} are 


I, a‘, J = 4,4,4, + 
For p = =1, ¢ involves only the terms a,, a,a{a,, a2 a3, a5a}az, so that 
= 2 2 2,8 
B, = ba,, B, = ca,a;, B, = + 


By «, B, + a, B, = 9, we get d=0,e=c. The invariants{ are a, and a,J. 
The case p = o = 2 may be reduced to the preceding by squaring, an opera- 
tion here reversible. Hence the invariants are aj and aj J. 


* The corresponding conditions from the coefficient of are a, B, == a) B,;=0, a) aj B,=—0. 
Thus the vanishing of the coefficient of ¢ does not imply the vanishing of that of ¢? (but does 
that of viz., a3 B, + a} B;). In this respect the case of invariants in the GF[ p"], n>1, 
appears to be in contrast to the case n= 1. 

+ The remaining conditions from ¢? ( preceding foot-note) are satisfied. 
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For general n, we can prove (ef. §§ 4, 26) the following 

Tueorem. The independent invariants of the quadratic form (11) in the 
GF [2"] may be taken to be a, (which is multiplied by the determinant of the 
transformation), I and the absolute invariant 


20 a,a,a*"-*), where 
x 


the last invariant being replaced by a,a,a, in the casen=1. 


12. The illustrative examples employed thus far were chosen on account of 
their comparative simplicity. As the order of the GF'[ p” | increases, the com- 
plexity of the computation increases very rapidly. Certain remarks will be 
found to be very useful. While, for n> 1, certain divisions are called for in 
the definition of an annihilator 6 (see §§ 10, 11), the actual performance of the 
divisions can be dispensed with in the computation of 64. For example, in the 
GF'[ 3°] the result of operating on a term a} aja) by 1/3! 1/2! 0a} is 
zero unless i= 3, =2, while in the latter case the result is 
It thus suffices to have a table* of the residues modulo 3 of the binomial 
coefficients C_(r,s=8). In view of this remark, the following permanent 
notations will be used for the terms of 5¢, the notations not exhibiting the 
numerical divisors. We shall set 


In the algebraic theory ¢ is invariant under the special transformation (3) if, 
and only if, 5 = 0, where 5¢ denotes the coefficient of ¢t in 6’ —¢. The same 
theorem appears to hold in the modular theory when» =1. Ina few cases 
(cf. $8), I have made a direct proof of this statement; in very many cases I 
have secured indirect verification in showing that the computed functions are 
actually invariants. But for xn > 1 such a theorem does not hold (ef. foot-notes 
to $11). However, it appears to be true that the vanishing of the coefficients 
of ¢, @”, ?”,---, @” implies the vanishing of the coefficients of the remaining 
powers (the last one being p"—1). The importance of this conjecture as a 
guide in actual computations is obvious ; its effect on the explicit form of the 
invariant is noted in § 17. 


13. Consider the quadratic form (11) in the G#’[3’]. Under transforma- 
tion (3), a, and a, receive the respective increments 6, = — ta,, 6, = ta, + @a,. 
Expanding the powers 62, ---, 63, reducing the coefficients modulo 3 and the 
exponents by means of x” = x, we write down by inspection (in view of the 


* The residues of multinomial coefficients modulo p, a prime, are obtained rapidly by means 
of two general theorems given in the writer’s dissertation, Annals of Mathematics, ser. 1, 
vol. 11 (1896-7), pp. 75, 76. 
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simple form of 6,) the coefficient (22) of ¢ and the coefficient (23) of @ in 
¢' — >, employing the notations (21). 

— 4,(1) + a,(2) + aya, — (1°2*) — aya, (1°2*) 

— aaj (17 2") — (1°2°) + (1°2*) — a) (12*) + aja, (1?2*) 

+ (12) — (192) — asa,(2°) — asa (12*) + 

+ aja; (1°2°) + aja; (12°) — a) (172°) — aga, (1°2°) — (2°) 

— a3 (182°) — a3 (152°) — (182°) — a? 12") + (1727) 

— a3(1°27) + (1*27) — (1°27) + ( 172") — a,ai( 28) 

— + (12°) — aya, (1°2") — (1°2") — a,a;(1*2*) 

— (1°2°) — (192°) — (172°) — (1°2°). 


(22) 


ay (1°) a, (12) + a,a,(1?2) a, a, (2°) aya (12°) a, (172?) 
— a,a,(1°2?) + a3 (2*) — a§(1°2*) + a§ a} (1°2*) — a7 (1°2*) 

+ aja, (1*2*) + aj a} (1°2*) — a7 at (17 2*) — a6 (12°) — aba, (172°) 

— aba? (19°) + (142°) + afat(1°2") + (1*2*) — ata? 
— (182°) — af (172) — (2) + afat(12") — afat(1°2") 

+ agai (142?) — af (1°2") + ata, (1°2") — 127) — (2°) 

— a}. af (12%) — a} aj (1°2*) — (a) + aja} )(1°2*) — aja, (1'2°) 

a}. at (152°) — a3 (1°2°) — ab at( 172°) — (182°). 


(28) 


We may set 


0,...,8 
(24) ( A’s functions of ay ). 
Since @} occurs only in the first term of (22) and (28), we get 
A,,a,=0 (i=1,---,8). 


Employing these to simplify the coefficient of a} in the first four terms of (22) 
and that in the first three terms of (23), we get 


These must vanish identically in a, = a?. Hence 
A,,a,=0 (i=1,3,---,8), A,=0(i=1,---,7), 


Before examining the further conditions we shall introduce a decided simplifica- 
tion. From A,.a,=0, A, =k(aS—1), & a constant. But the term 
Trans. Am. Math. Soc. 15 
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ka*a*a3 of > is unaltered by transformation (4). Hence & is zero unless ¢ is 
an absolute invariant. In the latter case, we replace ¢ by ¢—4J, where 
I is the absolute invariant (2). In either case we have A,.=0. Then 
A,a,= 0 (i + 0) implies A, =0. For, then = e¢(a)—1), while aja; a} 
is not a term of ¢. If it were, then would aja} a} occur in ¢ since ¢ must be 
unaltered by (5) and hence by (8’) of § 8, whereas A,, = 0 (i=1, ---, 8). 

We next examine the coefficients of a} in (22) and (23), then those of a3, 
ete. At each step we utilize the conditions previously found. In view of the 
above result and the fact that the binomial coefficients C,, (i= 3,4,6,7), 
C,,, C,,, C_, are multiples of the modulus 3, the determination of the coefficient 
of as may be done readily by inspection. The resulting conditions,* including 
the earlier ones, are: 


A, = 0(i=1,---,8), A, =0(i =1,8,--.,8), A, =0(i =1, 3, 5, 6, 7, 8), 
A,=0(i=1,2,8,4,5,7,8), A, =0(i=1, 3, 4,5, 7), 
A,=0(i=1,3,5,7), 4, =0(i=1, 2,8, 5,7, 8), 

A, =0(i=1,38,5,7), A, =0(i=1, 8,5, 7); 


(25) 


A,, = A,,4,, A, = A,4,, A, = — A,,a,, A, = A, = 


A,,= A,,4,, Ay = A,,a3, A,,= — A,,a,, A,,= A,a,, A, = 


40? 83°°0? 


A,, = A,,=A,,a5, = A,,=A, a, 


Ay = Ag = Agi = + Ay, + = 9, 


810? 
= A,a, Ay=— = 9, 


Aya, + Ay + Ay + =9, Ay = Aya} — A, Ay =— Aya?, 
hy + Aya + A,,a’, + A,, + A,,a A,,a} 0 . 


We note that each A, not in the set (25) has a non-vanishing value in at 
least one invariant given below. ; 
In the notations of § 5, we have here 


T) e, + 2e, = 2e,+¢,=d (mod 8). 


Consider first the absolute invariants, so that 7=0. For e, =8, e,=0or4, 
we have e, = 0,4 or 8. The value ¢, = 8 is excluded, since (as shown above) 


aa‘ as is not a term of ¢. Hence we may set 


A,,=e+ fai, A,, ma}, Ay, => + + 


determination. Obvious simplifications have been made in the latter conditions. Certain con- 
ditions have been omitted as being simple consequences of those retained. 
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By (27) the only further non-vanishing A,, are the following, whose values are 
derived at once from the non-identical conditions (26) : 


A,,= ea, + fai, A, =eai + fai, A, = eas + fas, A, = ea? + fai, 
A,, = ea} + fa}, A,, = Ay = — (f+ (e+ 
A,,= —e+ (l—f) ai + mas. 


The necessary and sufficient conditions that the resulting function (24) shall be 
unaltered by (5) and hence by (8’) are m =e, «= —e,v=0. The indepen- 
dent parameters are thus e, f,/. The coefficients of / and f are A‘ and A* — A‘, 
respectively, where 

(28) A=a@—a,a, 


is the discriminant of the quadratic form. The coefficient of ¢ is 


— 78 48 — pt 38 ai 478 
(29) Q = abay+ — as + + + 
2 6 7 a2 5 4 
+ + + + aya a, — + 


By way of check we note here the important relations 
(30) QA=0. 


Next, there is no invariant with d = 1 (mod 8). Indeed, each of the nine 
A, ., for which e, + 2e, = 1 (mod 8) is zero by (25). There is no invariant 
with d = 3; for, if so, its cube would be an invariant with d= 1. Similarly, 
the cases d = T, d = 5 are excluded. 

In an invariant with d = 2 (mod 8), the possible non-vanishing A, are 
A,,, Ay, Ages Ay,- Now A,, is a linear function of a, and a3 
by (27). But a2asa, is not a term of ¢ in view of (8’). Hence A, =/a,. 
Similarly, A,,=7+ sai. Then the seven non-vanishing conditions (26) give 


A 


2 = —_ 5 
~=la?, A 


= — 4 ~ 3 = 5 
—lai, Ay=—lai, Ay =(l—r)a,— sas. 


The resulting function ¢ must be unaltered by (8’); hence s =0. The coeffi- 
cients of 7 and / are A and A’ — A, respectively. By eubing, we conclude that 
the only invariants with d = 6 (mod 8) are the linear functions of A’ and A’. 

Finally, for d = 4, every A, vanishes except A, , A,,, A,,, A,,, A,,, while 
A,,=¢, A, =ka,. The four non-vanishing conditions (26) give 


A, = kai, A,,=(ce—k)ai, A,,=(c—k)aé. 
Forc=k=1, 6=A’; forc=1, k=0, 


| 
| 
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THeorEM. Lvery invariant of a quadratic form in the GF'[9] is a linear 
function of I, Q, Ai(i=1,---,8). As independent invariants we may take 
Q and A. 


14. The results of §$8, 13 on the invariants of a quadratic form in the 
GF [3"], » =1, 2, may be given a simpler form, better adapted to the exten- 
sion to the case of general x. We set 


(31) J=Q+A’°—-1 (forn=1), J=Q+A'—1 (forn =2). 


Then in each case 
(32) JA=0, J?—~J=T, 


as follows from (30) and the similar relations for x =1. The importance of 
the introduction of the invariant J lies in the simplicity of relations (32) and in 
the factorizations 


(33) J =(a,+1)(a,+1)(aj + aa,—1) (forn=1), 
(84) (forn=2). 


For general n, the corresponding function is 
(85) T= +1){ —1}, 


where y= 3(3"—1). The discussion in § 15 will apply here since (28) and 
(35) are unaltered modulo 3 when a, is multiplied by 2. 


15. Consider the quadratic form* in the p"], p> 2, 
(36) age? + + ay’. 


We investigate the function J given by (35) for v = }(p"—1). It is obviously 
unaltered by the substitutions (7) and (8), so that. the proof of its absolute 
invariance + depends only upon the verification that it is unaltered by the trans- 
formation (3). Let J’ denote the function (35) of the transformed coefficients 
@,, @,. Here ai =a,, A’ =A. As shown below, JA=0, J’A’=0. 
Hence if A +0, J=J'=0. Let next A = 0, so that aj = a,a,, a = aa; 
Then the sum in (85) equals (v+1)a;a;. Nowv+1 = }(p" + 1) is the 
mark } in the field. Hence the final factor of J equals }avay—1. If a, isa 
not-square, = —1,so that J=0, J’ =0. If a, = 0, then «, = 0, while 


*If we employ (11) instead of (36), we must introduce the factor 4‘ under the summation 
sign in (35). For the essentially distinct case p — 2, here excluded, see 711. 
} The existence of an invariant independent of J and A follows from the canonical form theory 


(4 26). 
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the form a,y’ is unaltered by transformation (3). Finally, let a, be a square 
+ 0,so that a7 =1. Then 


Since a,a, is a square or zero, a, is a square or zero, so that a; = 1 or 0; in 
either case J= —2. Likewise J’=—2. We have now proved the following 
THeoremM. The quadratic form (36) in the GF[p"], p <2, has the abso- 
lute invariant J defined by (35) for v = }(p" — 1). 
We next prove the following relations, which reduce to (82) for p = 3: 


(37) Jo=0, 


so that, for the functions obtained from I and J by deleting their constant 
terms — 1, the one is the square of the other. We here have 


(38) A =a; —a,4,, I= (a 
Since a’’+! = a, a simple change of summation indices gives 
JA = P (aa, — ay ay*"), P = (a,+1)(a34+1). 
Then JA = 0 follows from 
To determine J”, call o the last factor, 5 — 1, in (35). Then is 
(aj = — 1 4 =— (al —1)(a?—1) + 2( az +1)0% 
since (a**—1)a=0. Modifying (a + 1) similarly, we get 
=—1+2P {( a” —1)(2—a,— ay) + 20°}. 
Now 
=— —1)+ + a? a + + 
Since 2.7 = 2Pc, we have 
L = aya, + a + —1) + + + 2D”. 
Hence (87,) will follow if we show that PL =0. In view of (39), 
PL = + + 2°). 


< 
. 
4 
| 
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The second member may be shown, by means of (39), to equal 
+>), 
and hence vanishes in the G/’'[ p"], since 2v + 1 =p". 


16. This section and the four succeeding sections will be devoted primarily 
to the exhibition of a remarkable absolute invariant A of degree » = p" — 1 of 
the binary cubic form in the GF’[ p"], and to the simple relation between AT 
and the discriminant A of the form. Except for the case p=3 (ef. § 9), we 
shall write the form with binomial coefficients 


(40) + y + + 
Under transformation (3), a,, «,, a, take the respective increments 
(41) 5, = ta,, 6, = 2ta, + 5, = 38ta, + 80a, + 
For each term (§ 5) of an absolute invariant ¢ we have 
(42) 3¢,+ 2¢, +¢,= rp, e, + 2e, + 3e, = su (r, 8 integers) . 


The condition that the term shall be of degree w isr+s=3. For r=3 and 
r = 0, we obtain the respective terms 


(43) a‘, ar. 
The general term with 7 = 1 is 


(44) 8e, + 2e, +e,=H, e, + 2e, + 8e, = 2p. 
In view of (5), an invariant ¢ must be unaltered by the substitution 


45 a=a ai=—a,. 
0 3° 3 1 1 


For p = 2, the signs may be taken positive. For p> 2, u is even, and hence 
e,, €, ave both even or both odd. Further, we cannet have e, = e, and e, = e, 
in a term (44). Hence each term (44) of ¢ is accompanied by another term, 
not of type (44), having the same coefficient as the former. These new terms 
give all the terms of ¢ for which 7 = 2, s = 1 in (42). 

In all the cases, viz., for p" = 2"(n =1,---, 5), 3" (m general), 5, 7, 11, 
13, in which I have actually constructed an absolute invariant A of degree 
w= p"—1,1 find that the two terms (43) do not occur. Excluding those terms, 
we have the simpler* problem: to construct an absolute invariant K whose 
terms are those given by (44) with suitable coefficients, and those derived by 
applying the substitution (a,a,)(a,4,). 


* Since the exponent of a, is at most 3“. By (41), the powers of }, are complicated. 
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The results for the case x» = 1 are very simple; all the terms just mentioned 
actually occur in A. The cubic form with coefficients modulo p, a prime, has 
an absolute invariant K of degree p—1 containing 2k terms, where k is the 
number of partitions of p—1 into 3e,+2e,+e,. For p=3, A is given 
by (14). For p + 3, the results relate to the notation (40) for the eubic form. 
Then, forp=2, A=a,+a,. For p=5,7, 11, 18, the expressions for A” 
follow in that order. The first terms in the parentheses are the terms (44), 
arranged so that if two terms have different exponents to a,, that with the lesser 
precedes, while, if the exponents of a, are equal the term with the lesser exponent 
to a, precedes. The second term in any parenthesis is derived from the first by 
the substitution (a,a,)(a,a,). 


(47) Me, asa,+a,a}a,) + + + (a}a} + 
+3 (a,aiaz + azata,) + GF[7]. 
(a}’+a))—3 (a, a3a,+a, a) a,)—8 ata} 
+ + — (aia, + + + 
(48) +6(a,a, a3 a’ a,a,)+5(a, a} a} a} a,)—3(a, a} a,) 
+5 + +4 (aia, aja} + — + ab 
+ GF{[11]. 
(a +477) +5 (a, +4, a3 +05 a; a, a3 +, ) 
a) a,a,)—8 (a,a2 a} 


2 
2 


(49) 


3 a3 4 5 2 
+3(a,a} aa} +a? a} a}a,)—3(a,a} +a) a, a3 + 


—3 + ab + 3(azaia, + + 


+2(aia,a,a, +a a,a,a}) + (aha; GF [13]. 


17. For a cubic form in the GF'[ p"],2> 1, the invariant A’ of degree 
# = p" — 1 does not involve all the terms (44). Indeed, when the multiplica- 
tive constant is suitably chosen, A’ is identical* with A’, so that a term (44) 
oceurs in A’ only when 


(50) + + + [p'e,] (i=1,--, 2-1), 


where [ x ] denotes the least positive (or zero) residue of x modulo ». Inversely, 
K contains every term (44) satisfying conditions (50). In exhibiting an 
invariant, we enclose within a parenthesis terms derived as follows: first a term 
(44); then in turn its pth, (p*)th, ---, (p"~')th powers, when they are distinct 


* The explanation of this property appears to lie in the fact noted at the end of § 12. 
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from the first term; finally, the terms derived from the preceding by the sub- 
stitution (a,a,)(a,a,), when they are distinct from the preceding. 


18. For a cubic form in the G/'[2"], the absolute invariant A of degree 
2"—1 contains exactly 2" terms. We exhibit A for n= 5, arranging the 


terms as explained in §§ 16, 17. 
(51) (4,+4,), GF [2]. 


(52) (a3 + ab) + (4,45 + GF[A}. 


15 15 12,,2 2 443.8 8,6 2,12 4 99 92 8 93 


(54) + + + + ajataza, + + (ajay + 
GF{[16]. 


31 31 28 2 925 4,198 16 2 728 
+ af") + al + + + + a, + a, 


+ + + + aya\tal®)+ + a} + 
(55) + as alata, + al’ a, al? a + aja + + + 
+ a2 alta,a\®) + aleal? + + + + + 
+ a2 a, + + alsatas + GF [82]. 
19. For the cubic form, with coefficients in the G?’[3"], 
(56) av + a,x? y + + ay’, 
we can determine immediately the absolute invariant A of degree 3"—1 in 
terms of the absolute invariant P, given by (9), and the discriminant A of 
(56), viz., 
(57) P A — — aa,. 
In fact, the invariant A’ is simply the reduced form of 
(58) . 


The reduced form of A depends upon the character of the product 


n—2 


(59) = []A*. 

But in the GF’ [3"], we have 

A* = — — <n—1), = (a,a,)?"" — aa, — 
Now every term of the expanded product 7 is of degree 


n—2 
4>8=22d, 


i=0 
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Further, 7 = (a,a,)' + o, where each term of o is of degree higher than d in 
one of the letters a,, a,. Indeed, if we employ either of the last two terms of 
A** the resulting term of the product 7 is of degree = 3"~' in a, or a,. Hence 
the statement follows by induction from n — 1 to n. 

It now follows that, in the complete product (59), a term is exactly of degree 
3" — 1 if one of its factors is chosen from the last two terms of A*™’. Finally, in 


every term, except the first, is of degree higher than d + 2-3"-' = 3"— 1 in 
one of the letters a,,¢,, and hence admits of a reduction in total degree (by 
means of the equation «* =a, satisfied by every mark of the field) from 
2d + 4-3""' = 2(3"—1) to 38"—1. The exceptional first term cancels a 
term of — P. Hence every term in the reduced form of the absolute* invariant 
(58) is of degree 3"—1. 

In the expansion of (59) no two terms have the same set of exponents, so 
that there result 3" distinct terms, no one identical with a%"-'(j =1 or 2). 
Hence the reduced: form of (58) contains exactly 3" +1 terms. For n=1, 
they are given by (14); for n = 2 by (75). For n =38, I have verified that 
the terms of A obey the laws stated in §17. As these (empirical) laws were 
formulated from another standpoint (and in fact prior to the investigation of 
the present case p= 3), we have independent evidence of the validity of the 
conjectures. 

From (57) and (58) we deduce immediately the important relation 


(60) A) K=0. 
Indeed, AP = 0, so that 


AK = 4 A, = 4 AHA, A" =A. 
20. The discriminant of the cubic form (40) in the GF'[ p"], p + 3, is 
(61) = — az + 4a, a3 + 4a} a, — 6a,4a,a,a, + 
Now the invariants A’, given by (46)-(49), satisfy the relation 
(62) A) K=0, (— 


e being +1 or —1 according as —3 is a square or a not-square in the 
GF [p"], p>38. If we define A to be the function (61) multiplied by — 3 
(or by — 3d’, A any mark + 0), relation (62) is replaced by the simpler relation 
(63) 


* Under a transformation of determinant D, the discriminant A is multiplied by D®, so that 
A(3"—-1)/2 is an absolute invariant in the GF[3"]. 
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TueoreM.* If the indeterminate constant factor in the discriminant A 
of a cubic form in the GF'[p"], p> 2, be chosen so that the coefficient of 
a; a is a square in the field, then S and the absolute invariant K of degree 
p" —1 satisfy the relation (63). 


21. Consider next invariants of the cubic form (56) in the GF'[38"]. 
Under transformation (3), the increments to a, and a, are —ta, and ta,+@a,+a,, 
respectively, while a, and a, are unaltered. The case n = 1 was treated in § 9. 
Let here n = 2. Then the coefficients of ¢ and ¢* in ¢ — ¢ give the respective 
annihilators : + 


— 4(2) + 4,(3) + — a} (278) + aja,(2°3) — a} (2°3*) 
— a, (2'3*) + (a,a3a, — a7) (2°38?) — a) a,( 2°38?) — a3 (273?) — a} (8°) 
— af (2°3°) + af a3 (2°3*) + a3 a} (253%) + (3*) — a} (28*) + a, (2°34) 
— (2°3*) + a2a3(2*3*) — + af)(2°3*) + abai(2°3*) — 
+ aya}(2°3*) + (a2a2 — ata,)(3°) + (a,a2a3 — a}a?)(23°) + + aja})(2°8°) 


+ a} — a,a7)(2°3°) — a3 (3°) — aba? (273°) — a} (2°3°) 
+ a; — )(2°3°) — (273°) — aja; (2°8°) + (a,a; — (3") 
+ (hata, — ata')(28°) + — + + — 
+ (a — — — (3°); 


— a3 (2°) + — a5 (23) + aja,(28) + aya} (2°38) — — (23°) 
— (2°38?) a,aj (2°38?) + (ayaja, — a,) (2738?) — a, 4,( 2°38") + 
(65) + (2?38*) — af (2°3*) + + — aha, + aga; (278) 
— (2°3*) + aj a,(2*3*) — aaj} a}(2°3*) + aj az(2°3*) — (ajay + aj @)(278*) 
+ aja,(2°3*) + (asa; — aya})(3°) + — a})(23°) + (agaja — 

*If, instead of the mere verification of this theorem for the computed invariants K, we had a 
direct proof, it would be of decided aid to the computation. We may compute K by means of 
(63) alone. For example, let p" = 3", and give K its necessary form (75) with the four paren- 
theses multiplied by 1, m, s, 7, respectively. In (A’—A )K, we readily find that the factor 
of af is (s—r)a,a%a3—(s--m)ajaz, while the terms independent of a, and a; are 
(s—1)(a5ai—a,a3). Hence —m=r=s=1. 

In general, the labor of determining the high power of 4 would be great. We may, however, 
employ only the first two terms of (61) and so readily compute the terms of (63) independent of 
a,. We thereby get the coefficients of the terms of 9 independent of a,. The coefficients of the 
terms involving a; to the first power are then either known or else occur in the terms involving 
a, (e=2), in view of (45). The work with the annihilators is now greatly simplified. It suf- 
fices to find the coefficients of aj, ---, a3, aj, in turn, where r is the greatest integer in 
2/3(p"—-1). We need only a part of the annihilators ; for instance, the derivative with respect 
to a, need not be of order higher than r— 2. 

+ We have omitted the terms (2'3°), i221, (2°37), 124, (2°35), i=2, 4, 5, 7, 8 (which 
have long coefficients), since they have no effect upon a function ¢ satisfying (67), the binomial 
coefficients Ce (i —2, 4, 5) being multiples of 3. 


| | 
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+ + — — 23°) — 223°) — (243°) 
— a} a3 (2°3°) + — a})(2"3°) + (aha, — af + (ajay + aj 
+ (a,ajai — (2°37) + — (2°3") 
+ (ajaja, — a a} — — ajay) (3°). 


We may set 


(66) B, ( B’s functions of ay, a, ) 
i,j 


Since @} occurs only the first term of (64) and of (65), we get 
B 0 


In view of these relations, a) occurs only in the first two terms of (64) and the 
first two terms of (65). The resulting sets of conditions react on each other 
and give the first two conditions (69) and 


B,=0(i=1,---,T), B,a,=9 (i=1,4,5,6,7, 8), 
together with B,,a,=0. From the latter and B,,a, = 0 follows 
=kr, 


Hence on replacing ¢ by ¢ — J, when J is the absolute invariant (2), we have 
B,,=9%. If both Ba, and Ba, vanish, then B,, = cr, and hence B,, = 0 
in view of (16). 

We consider in turn the coefficients of a§, ---, a, in (64) and (65) and finally 
the terms * independent of «a, in (65). The process of writing down the two coeffi- 
cients of «; is simplified by holding in mind those of the relations (67) and (68) 
which have been found in the earlier steps. The two resulting sets of condi- 
tions react on each other very considerably, and some further simplifications 
result from the earlier conditions. The final results are as follows : 


(67) B,=0(i=1,--.,8), B,=0(i=1,4,---8), B,=—0(i=2, 3, 4, 5, 7, 8); 
(68) B,4,=0(i= ] T, 8), B,,a,=0(i=5, T), B,a,=0(i=8, 5, 8); 
together with the set of conditions, referred to as (69): 


B,, = By = — By; =— B,, = 


* Those in (64) are not required in computing the invariants ; they were determined directly 
for each invariant and found to vanish, thus giving a check. 
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B, = B= — B,@, B,=B,4,, Bya,=—B,@, Ba, =— B,,, 
= B,, + Baa + =—B,,a,, B, = Ba, 
—-B, a}, BL=B,@, B= Ba, 

B= By = — B,a,, B= Ba + B,a,— Ba, 

B,, = — Baa, By + B+ B,a,— + =0, 

= B,4,+ Ba, B= Ba, Ba, By = 
B,, = Bia, + Baa, B,, = By+B, = 
B,, = B,,a,— Ba — B,,= B,,a,— Ba? — B,a} — 

= + B, aa? — Ba, Ba, = Ba, = — Ba, 
B,a,=— Ba — Ba, B,=— Ba, B,=— Ba, B, = 
B, = + Bia, B, = Bya+ — Bia, B, = B,,a, 

+ B= B,a,— + = Baa} — 


B., 


B,,=B — B,,a}, B,, + B= By a;—B,, a), B,,= +B,a, 


B,, a; = + = By, + B,, B+ 


B+ B,, Bs a,=9, Ba, —B,, aj=9, By a+B,, ’ 


By, + — + =9, By t+ By + Bua — Beg 


B,, + + B,,4, By@ =0, + By B, — By 
B 


ol 


The general term of ¢, in the notations of § 5, is - 


a,— — + — Ba} + Baa, + Baa 


(70) avapazay 3e, + 2e, + ¢,=d, e, + 2e,+ 8e,=d (mod 8). 


For use in the later cases, we first determine the absolute invariants, viz., 
those with d=0. If B,.a,=0, then e,=0, and hence B=0 unless 
€, = 2e, (mod 8). Hence by (68), 

(71) B, B,,=ca(a}—1), B,=ka(a\—1). 


For B,,, e¢, = 7, e,=9 or 8; but a}ai does not occur in view of (16) since 
B,,=9%. Hence B, =rai, r a constant. Then B, = 
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ete., by (69). But A* and A* are absolute invariants, A being the discriminant 
(57), and 
(72) A’ = aja} + a3 (ajay — + 
Hence if we replace ¢ by ¢ — rA*, we may set r= 0. Hence, by (69) 
(78) B,, By, By, By, Bos Biss 
By, Bigs Bos By, B,., B,, all vanish. 

Now ¢ must be unaltered by substitution (16) and hence by (a,a,)(@,@,), 
since e, and e, are both even or both odd, by (70). Thus, from (71), 
B,, = cajaj. Note that from B,, =— ca’ a}, we can conclude initially only that 
By, = — ca) + but subsequently that p= 0 since B,, = 0. In this way 


we readily find that conditions (69) are all satisfied if and only if, in addition to 
(71) and (78), the following relations hold : 


By, = By = — cabai, By, = hea’, By = — By = — ca’, 
By = — caja, By = — cata, By = — cai, By, = ca,a@, By = caia,, 

By = By = — ka, By, = — kata}, By, = — kaza,, By, = — ka, 
By = By = —khaaji,k=c, By = By = By, =9, By = cards, 
By; = Bs, = — casa}, B,, = wa} (w new parameter), By = wa} aj, 
By, = — wa}, By = — wa}, By, = —(k+ w)ajai, By, = —(k+w)aa, 
By = wa,, By = wa, ad, By = By = By = B, = B, = 9, 

By =1( a, — 1) — w (1 new parameter), By = — (w aj + constant. 


For convenience, we take the constant in B,, (the absolute term of ¢) to be /. 
Then there are three independent parameters w,/ andc =k. The coefficient of 
the latter is the negative of the absolute invariant (of degrees 24, 16, 8): 


W = + of {— — 1) ai + — + + 
+a; {— (ay —1) + — + ajaja,}. 
The coefficient of / is the invariant P, given by (57). The negative of the 
coefficient of w is the absolute invariant of degree 8 (see § 19): 


44 3 2 6 
(78) A=asaj+ + a3 + a}. 
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Now A = A‘— P +1, in agreement with (58). Hence the absolute invariants 
are the linear functions of I, P, W, 4*, A*. The system should be closed also 
under multiplication. In verification, we note the relations 


Pel, IP=alI, IW=0, A=-0,’=P, PW=0, 


(76) 
Pa=0, W=W, WA=W. 

Let next d=1 (mod 8). Then B,,.¢,=0 implies B=0 unless e, = 2¢,+3 
(mod 8). Hence the B,, in (68) all vanish. For B,,, e, = 0 or 8, e, = 5; but 
does not oceur in view of (16) since B,,=0. Thus B,=ca>. Also 
B,,=ra.a;. But one of relations (69) is Ba} = B,. Hence B,, = B= 0. 
In view of relations (69) and the invariance* of ¢ under (16), we readily find 
that the only non-vanishing 2, are the sixteen for which i, j range over the 
exponents of «,, @, in the following invariant, the value of B,, being the product 


of a fixed parameter / by the coefficient of a) a): 
+ ay (aja, a} — — + a (aja, ay — 
(77) + a3(— — — + a, + + a(— aya} ) 
+ + + 


which equals — being given by (10). By (82), = AF. 

For d = 3 (mod 8), we conclude that Z is the only invariant. Indeed, the 
operation of cubing is uniquely reversible in the G/’'[9]. Similarly, the case 
d = 2 reduces to the case d = 8, andd=Ttod=5. 

For d = 6 (mod 8), we may set B,, = kala). Then B, = ka‘a’, ete. If 
we replace ¢ by ¢ + 4A W, where 


(78) +a (a +++, 


we may setk=0. The resulting invariant is easily found to be a linear fune- 
tion of A and A®. Hence for / = 2, the invariants are the linear functions of 
A’, A and = AW. 

For d = 4, we have B,, = da) a), B,,=da\a\, B, = —daia,, By, = 


ete. We replace ¢ by ¢ — dA? W, where 


(79) AW = + a) (— + a + aia) +--+, 


and hence may set d= 0. The resulting invariant is readily found to be a 
linear function of A’ and A’. 


* Here a more exacting condition than ford =0. Thus B,, may,aj yields m= 0. 
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For d= 5, we have B, =ra,a}, B= ete. We 


‘eur? 
replace ¢ by ¢ — rA*F’, where 
(80) ME = ayaa’ + a) — +--+, 


and easily find that the resulting invariant vanishes identically. Then for 
d = T, the only invariant is (A°#’)* = A*E, by (82). 

TueoremM. The cubic form (57) in the GF'[9] has exactly 18 linearly 
independent invariants. These may be taken to be 


(81) I, (i=1,---, 8), AW, (j=90,1, 2,8). 


The product of any two invariants can be reduced to a linear function of 
these 18 invariants by the application of relations (16) and 


(82) JE=PE=0, WE=EF, F=AW, ME=E£, MW=A. 


22. The invariants J and P of the cubic form in the G/'[3"] can be 
expressed in terms of a single invariant [. Thus 


(83) r=/+P, P 


For n=1, W= E’ by (19). For n = 2, we have, by (76), (82), 


W= WA‘ = 


Hence we have proved, for x = 1 and n = 2, the following 

TuroreM. The invariants of the cubic form in the GF[8"] are all 
rational integral functions of the three fundamental invariants T=I+ P, E, 
and the discriminant A, where I, P, FE, are defined in §§ 1, 3, 4. 


23. For the cubic form in the G'/’[ 2"], the power 2"~' of the discriminant 
aa; + a; a3 gives the invariant 


(84) D=a,a,+ 4,4,. 
The eliminant / (§ 4) is a,a,7, where for n = 1, 2, 3, respectively, 7 equals 
Ya, 
X being the expression in the second parenthesis of (53), and 


Thus = Hence, in each case, = DK, K being given in § 18. 
For n =1 or 2, every invariant is an absolute invariant. This is evident 


forn=1. For n= 2, we add the congruences (70), the modulus now being 
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3; there results 0 = d (mod 3). By use of the annihilators, I have found the 
invariants 
(86) = dy + + + + My + + ds 

+ + dg + + Ay 


and have proved that, for n = 1, 2, every invariant is a rational integral func- 
tion of D, A, R. In particular, an expression for (2) is 


(87) w=2—1. 


For n =1, every invariant is a linear function of D, K, R, DK, DR. 
Any relation between these follows from KR=0, P =D, K?=K,PR=R. 
For n = 2, the 18 linearly independent invariants may be taken to be 


(88) K, dD, R, DR, DE (¢=1, 2, 3). 

Any relation between these (absolute) invariants follows from 

(89) AR=0, K*=K, (DRY=DR, D=D, R=R. 
For a proof that D, R, K are independent, see §§ 27, 28. 


24. For the cubic form (40) with the integral coefficients modulo 5, the only 
invariant with d = 3 (mod 4) is the eliminant, given by § 4, 


90) H=a}(2aia, — 2a,a7) + a&(2a,a,a3 — a, 
2 
+ a; + — — a,a}); 


while AZ is the only invariant with d=1. The only (absolute) invariants 
with d = 0 are the linear functions of 7, A’, A‘, A’, A’, where X is given by 
(46). The only invariants with d = 2 are the linear functions of A, A’, AA’. 

The ten linearly independent invariants of the cubic form (40) in the 
GF [5] may be taken to be 


(91) I, OE, K, AK, A’K, A, &, 
Any relation between these follows from 


I 
(92) 
KE=-E, AK=-AK, =A. 


25. For the eubie form (40) with integral coefficients modulo 7, the non- 
absolute invariants have d= 3(mod6). Indeed, if we add the congruences 
(mod 6 ), analogous to (70), we find that 0 = d (mod 3). 
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The only invariants with d = 3 (mod 6) are the linear functions of #, AF, 
and A’, where the eliminant / is (end of § 4) 


(93) EB = 03 + af (2a,a) — 8a5a,a,) + apa} + az — 


The absolute invariants are functions of A, A’, given by (47), and Q: 
Q = +04 aya + (20,034 ) 
(94) +5, + + 8a, + avaja, — af + 2a§ — 2) 
+a, (a5 a, — aya} a} + 2a} a3 — aaa, + ) 


+ 2a, a3 + a3 + + + Zaza} — 


The sixteen linearly independent invariants of the cubic form (40) in the 


GFT |may be taken to be 
(95) #, AF, ME, QO, A (i=1,---,6), MA (j= 0,1, 2,38). 
Any relation between these follows from 
(96) ME=EF, EQ=0, EK=—-EF, QA=0, 
A‘ K=AK, A? = = 2AK—2A'—2A, 
The invariant (2) has the following expression : 
(97) MA — + 2A° — 34° 4+ 1. 


26. The following tables give a complete set of (non-equivalent) canonical 
forms of binary quadratic forms in the G#’[ p"] and the values of the inde- 
pendent invariants for each canonical form : 


p> 2 (invariants, § 15). p =2 (invariants, § 11). 
Canonical. | A | J Canonical. | a, 
— vy? 1/90) 1 

vy 1. ary 

| 0 90 Vanishing 1 0O 
Vanishing 0 —1 


Here denotes a particular not-square in the GF’ [ p"], p> 2; while c is a 
particular solution of ¢ + ¢? + ---+¢"" =1 in the GF[2"]. 


Trans. Am. Math. Soc 16 
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27. As a complete set of (non-equivalent) canonical cubic forms in the 
GF p"], we may take 


BC, BeQ, Bay(x+y), xy, vanishing form, 


where C and Q are any particular irreducible cubic and quadratic forms, e. g., 
C= -2x* — xy’ + ty’, for a suitable value of 7, and (§ 26) 


(p>2), (p=2); 


while 8 = 1 if = 3" or 31+ 2; B=1, €, e, if p" = 3/ +1, € being a prim- 
itive root of the field. 


2] (invariants, § 28). GF [27], = i + 1(mod 2) (§ 28). 


Canonical. Canonical. | | K 


— ary? | — ary? + y*) B | 0 | 
a(x + ay + | +ay+iy?) j 
| Bry(ety) 

| ay 

| | Bu’ | 0 
Vanishing | | Vanishing 0 


GF[8"], n=1, 2 (§ 22). GF [5] (§ 24). 


Canonical. A Canonical. A 


0 
0 


1 
0 
0 
0 —1 Vanishing 0. 


Vanishing | 
28. An inspection of the tables §§ 26, 27 shows that all the invariants given 
are necessary to characterize the canonical forms (since if one invariant is 
omitted, the others have equal values for some two canonical forms), and that 
no invariant is a rational function of the others (since any one takes different 
values when the others are equal). The only exception to these statements is 
the case of invariant FE of the cubic form in the GF’[5]; the characterization 
is complete without ; but the independence of F follows from the weights 
d (§ 24). 
THE UNIVERSITY OF CHICAGO, 
November, 1906. 


— 
*B 
0 
1 
0 
0 
1) 1) 0 +2y 10 1 
a(a*—vy*) 0 a (a? — 0 0 
wy (x + y) 
; 
a 
é 


PROJECTIVE DIFFERENTIAL GEOMETRY OF CURVED SURFACES * 
(FIRST MEMOIR) 


BY 


E. J. WILCZYNSKI 


§1. The simultaneous solutions of two linear homogeneous partial differ- 
ential equations of the second order with two independent variables. 
Consider a system of partial differential equations of the form 


Ay,,, + By,, + Cy,, + Dy,,+ Ey, + Fy = 0, 


(1) 
AYy,, + By,, + Cy, + Dy, + Ey, + Fy 
where 
oy oy Ory 


and where A, B, ---, F’ are analytic functions of u and v. 
If the determinant AC’ — A’C does not vanish identically, (1) may be writ- 
ten in the form 
3) Yuu = Wu, + by, + cy, + dy, 
Yoo = ay, + by, + cy, + dy. 
If the determinant AC’ — A’C is equal to zero, while BC’ — B’C does not 
vanish, we may write (1) in the form 
(4) Yuu = + BY, + VY, + 
Yuo = BY, + VY, + 


provided that A and A’ do not vanish simultaneously. If they do, i. e., if 
A = A’=0, while BC’ — B’C + 0, we obtain from (1) a system of the same 
form as (4) except for an interchange of w and v, with the further specialization 
thata=0. Finally, if 


AC’-A'C=BC'— BC=0, 


one of the equations deducible from (1) reduces to the first order. 


~ * Presented to the Society (San Francisco) February 24, 1906, as a preliminary report under 
the title ‘‘ Outline of a projective differential geometry of curved surfaces.’? Received for publi- 
cation December 3, 1906. 
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Transform (4) by putting 


and let 


The system (4) becomes 
Yor — + = + — ¥,) + VY, + 
— Yun = + VY, + 
which equations may be solved for y, and y,,. By such a transformation of 
the independent variables (4) may therefore be reduced to the form (8). 

Unless, therefore, there exists a linear combination of the two equations (1) 
which is of the first order only, system (1) may be reduced to the form (8), a 
reduction which may involve a linear transformation of the independent 
variables. 

Consider a system of form (3): y,, and y,, are expressed in terms of y, y,, 
Y,>Y,.+ Differentiation of the first of the two equations with respect to w will 
express y,,, in terms of the same four quantities and of y,,,. Similarly y,,, 
_ will depend upon y,,, as well as upon y, ¥,, ¥,, ¥,,- In general, however, y,,, 
and y,,, may themselves be expressed in terms of y, y,, y,, Y,,- In fact differ- 
entiation of the first equation of (3) with respect to v, and of the second with 
respect to wu will give 


Your = (4, +) + Yee + OY, + (+4) Y, 
whence follows the truth of the above statement provided that 
(6) aa —1+0 
In this case, clearly all higher derivatives of "y may be expressed in the form 
(7) ay + By, + VY, + ° 


where a, 8, y, 6 are, for every such derivative, perfectly definite functions of 
uandv. It is to be noticed, however, that of the five derivatives of the fourth 
order, three may be computed in two different ways; for example 


(5) 


Therefore, in order that the eight expressions of form (7) for the five fourth 
derivatives may be consistent, three conditions must be satisfied. It is not dif- 
ficult to see that, if these three so-called integrability conditions are satisfied, 
the expression of form (7) for a derivative of any higher order will be unique. 


oy oy 
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Let y be a solution of system (3), developable in powers of u— wu, and 
v —v,, and denote by «,, --, ¢, the values of y, y,, ¥,. y,, foru=u,,v =v. 
Then y may be expressed in the form 


y=-¢, + ¢,(u c,(0 — + —u,)(v— 
+3(d,¢, y + +e, e, +b, ¢,)(v—v, 74. 


where a,, 5,, ete. are the values of a,b,c, --- foru=u,,v=v,. All of the 
coefficients of this development will be linear combinations of ¢,,---,¢,. We 
may write, therefore. 


where 7’, - . 7" are holomorphic functions of w—u, and v—v,. The most 
general analytic solution of (3) can, therefore. contain only four arbitrary con- 
stants which enter linearly. 

The integrability conditions are of the form 


(8) ay, + By, + vy, + = 0. 
They may be satisfied iden/ically, so that 
a=B=y=b=0. 


In that case the solution just indicated in a formal manner actually contains 
four arbitrary constants. If the integrability conditions are not satisfied iden- 
tically, they represent additional differential equations which y must verify. 
The number of arbitrary coustants in the general solution of (3) is reduced at 
least by one for every independent non-identically satisfied integrability condi- - 
tion. The above condition (8), for example, requires that 


GC, - Byes + + 8,¢, 


shall be equal to zero, where 5, are the values of a 8 for u=u,, v= 
This clearly reduces the number of arbitrary constants to three. 

If the integrability conditions are satisfied identically, the most general 
analytic solution of (3) can depend, therefore, upon only four arbitrary con- 
stants which enter linearly. Such an analytic solution actually exists if the 
coefficients of (3) are holomorphic in the vicinity of w= u,,v=v,. This may 
be proved by the method which. sinve the time of Caucuy, has always been 
employed for such investigations.* Of course, it may seem desirable to prove 
the existence of just a four-fold infinity of solutions for a system of form (3), for 
which aa’ —1 does not vanish and whose integrability conditions are satisfied 
identically under more general assumptions. For our present purpose, it suffices 
to restrict our considerations to systems of form (3) with analytic coefficients. 


*Cf. for example GourRSAT, Legons sur l’intégration des équations aux dérivées partielles du 
premier ordre, Paris, 1891, chapter I. 
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We proceed to consider the case 
(9) aa —1=0. 


If we multiply both members of the second equation of (5) by a and add to 
the members of the first, taking account moreover of (3), we find 


[a,+ 6+ +e) + +d’) + abb’ + 


10 
(10) +[e, + d+ ac’ + ach’ + y, + [d, + ad’ + + 


Unless all of the coefficients of this equation are zero, it becomes possible, by 
means of it, to reduce every expression of the form ay + By, + yy, + dy,, to 
one involving only three terms, so that the general analytic solution of (3) could 
depend upon no more than three arbitrary constants. If, on the other hand, all 
of the coefficients of (10) are equal to zero, one of the partial derivatives of each 
order will remain arbitrary, and the general solution will contain an infinite 
number of arbitrary constants. This solution actually exists. The two equa- 
tions are then said to be in involution ;* the system is involutory. 

We may recapitulate as follows. 1. The system (3) of simultaneous linear 
differential equations has precisely four linearly independent solutions if 
aa’ —1 is different from zero and if the integrability conditions are identi- 
cally satisfied. 

2. If aa’ —1 vanishes, and the integrability conditions are satisfied, while 
not all of the coefficients of (10) are zero, the system (3) has less than four 
linearly independent solutions. 

3. If, however, the first two conditions of No. 2 are satisfied, and if besides 
all of the coefficients of (10) are equal to zero, the general solution of system 
(3) contains an infinite number of arbitrary constants. The system is an 
involutory one. 


$2. Geometric interpretation. The integrating surface. 


If aa’ —1 is different from zero and if all of the integrability conditions are 
satisfied identically, system (3) has just four linearly independent solutions. 
Denote four such solutions by y’, We shall have 


=f(u, v)  (k=1,2,3, 4). 


Interpret y“’ as the homogeneous codrdinates of a point P, in space. As u 
and v assume all of their values, P, will describe a surface S, an integrating 
surface of the system. This surface cannot degenerate into a curve. For if 

*Cf. Goursat, Legons sur Vintégration des équations aux dérivées partielles du second ordre a 


deuz variables indépendantes, Paris, 1896-98, vol. 2, chap. 6, where a more general case is treated 
according to BIANCHI. 


1907] E. J. WILCZYNSKI: DIFFERENTIAL GEOMETRY OF CURVED SURFACES 237 


S, were to degenerate in that way, the ratios of y’, y’, y°, x/*, would become 
functions of a single variable t= ¢(u,v). In that case y’, ---, /* would be 
solutions of some linear partial differential equation of the first order, say 


(11) ay, + By, + vy =9, 

besides satisfying (3). As a matter of fact let 
aw, + Bw, = 90 

be the partial differential equation satisfied by t= ¢(u,v). Then if 


yor 
were functions of ¢ alone, they would satisfy the same equation, so that 


— + — YY?) (k=1,2, 3), 


or 
4) 4) 
ay") +B =0 (k=1, 2,3). 
Put 
ay) +4 B 4) 


and it becomes clear that y’, y’’, y®, y? would satisfy the same equation of form 
(11). Differentiate (11) with respect tow and v. If the two equations thus 
obtained coincide with the two equations of (3), aa’ — 1 would be equal to zero, 
contrary to our assumption. (11) would be an intermediary integral of (3) 
whose general solution would depend upon an arbitrary function. If, on the 
other hand, the two equations obtained from (11) by differentiation were not 
identical with the two equations of (8), the most general function of u and v 
which satisfies all of these equations cannot depend upon more than two linearly 
independent functions. It is impossible, therefore, that the four linearly inde- 
pendent functions y’, ---, 7” should satisfy an equation of form (11), i. e., it is 
impossible that the integrating surface S, should degenerate into a curve. 

The integrating surface of system (3) is not unique. However, the most 
general system of linearly independent solutions of (3), in the case considered, 
is of the form 


4 
(i=1, 2,3, 4), 
k=1 


where the determinant of the constant coefficients, 


lel» 
does not vanish. The most general integrating surface of (8) is, therefore, a 
projective transformation of any particular one. It is for this reason that we 


shall make use of (3) as a basis for the projective theory of surfaces. 
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If aa’ —1 vanishes, while not all of the conditions for an involutory system 
are satisfied, the system (3) has only three or fewer linearly independent solutions. 
Its integrating surface, therefore, degenerates into a plane or a straight line. 
For the purposes of the theory of surfaces this case may, therefore, be left aside. 

It remains to examine the case when the equations of (3) are in involution. 
That case must also be excluded from our considerations. For we wish to con- 
struct a projective theory of surfaces; but, if the equations (3) are in involu- 
tion, they have more than four linearly independent solutions in common, so 
that the most general integrating surface of (3) will not be merely a projective 
transformation of any particular one. The question which requires investiga- 
tion is this: what kind of surfaces are thus excluded from consideration ? 

If we put in (3) 

y= ry 
where X is an arbitrary function of uw and v, and if we introduce new indepen- 
dent variables by putting 


u=p(u,v), v=v(u,v), 


another system of differential equations of form (1) will be obtained from (3) 
with 7, wu, v, in place of y, u,v. Moreover, it is clear that, if the equations 
(3) are in involution, the same must be true of the transformed equations and 


conversely. For if they were not, they could have only four linearly indepen- 
dent solutions and the same would have to be true of the original system of 
equations. 

Let equations (3) be in involution. They have an infinite number of linearly 
independent solutions. Let y’,---,7* be four of these. Transform system 
(3) by putting 7 = Ay where X= 1/7/*. The new system of differential equa- 
tions is again an involutory system and has the four linearly independent 
solutions 


, ” 3) 
where 2, y and z may be considered as non-homogeneous coordinates of the point 
of the integral surface whose homogeneous coordinates were y’, y. 
Moreover x, y, z are functions of uw and v. Introduce x and y as independent 
variables. This is possible unless x should happen to be a function of y alone. 
In that case we might introduce x and z as independent variables. For other- 
wise «, y and z would be functions of a single variable t= ¢(u, v), so that 
y's +++, ¥, as we have seen above, would satisfy one and the same linear par-. 
tial differential equation of the first order. In that case there would be no inte- 
gral surface, but an integral curve; for our purpose that case must be excluded. 
Accordingly two of the three functions x, y, z of w and v will be indepen- 
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dent, say x and y. We may then introduce x and y as independent variables 
in place of wand v. The transformed system of equations will be again an 
involutory system with the independent variables x and y, and of which 1, x, y 
and z = f(x, y) are four linearly independent solutions. This system of equa- 
tions will certainly be of form (1), and in most cases may at once be written in 
the form (3) by solving for @,, and @,,, denoting the dependent variable by 6. 
The system is then of the form 


40, + b0,+ dd, 
6, = 40, 
and it must be satisfied by @=1, x, y and z=/(x, y), so that 
while z = f(x, y) must satisfy the equations 
1 Oz Oz , 


which must, moreover, be in involution. 

If, however, the system of form (1), which is obtained by the above process, 
cannot be solved for @,, and @,,, then as was shown in §1, by a simple linear 
transformation of the independent variables x and y we may transform it into a 
system of form (3). This latter system must then have the solutions 


1, ax + By, yx + dy, zy ad — By +0, 


where a, 8, y, 8 are constants, whence we conclude in the same way as before 
that z must satisfy an involutory system of form (12). But the equations 
(12) are in involution if, and only if, 


(13) 
so that 


Oz Oz 
( 


If x, y, 2 are cartesian codrdinates it is well known that (14) is the condition 
for developable surfaces. But this condition is left invariant under projective 
transformations. Therefore, the surfaces excluded from consideration are 
developables. If the condition 


(15) 


were not satisfied, the surface would be a plane. All developables are thus 


Oa Oa 
\? 
Ca od 
|| 
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excluded. For let z= f(x,y) be the equation of a developable. We may 
determine a from the equation 

Oz 

dx? ~ 
if 0°z/Oxdy +0. Since the surface is a developable, (14) must be satisfied, 
which gives 


1 Oz 


i. e., 2 satisfies a system of form (12) for which aa’ =1. Moreover (15) must 
then also be satisfied unless z is a linear function of x and y, i. e., unless the 
surface is a plane. If, however, 
Oz 
= 
equation (14) shows that either 6*z/0x* or 6*z/dy*? must vanish. Suppose we 
have 


This system is not of form (3), but may be put into that form by a linear trans- 
formation of the independent variables. It will be an involutory system as one 
may see even without making the transformation. For the most general solu- 
tion of the above system is 


z= + $(y) 


where $(7) is an arbitrary function of y, and therefore contains an infinite 
number of arbitrary constants. 

We may recapitulate as follows: 1. Given a system of partial differential 
equations of form (3), whose integrability conditions are satisfied identically 
and for which aa’ —1 is not equal to zero. Its most general integrating sur- 
Jace is a projective transformation of any particular one ; it does not degen- 
erate into a curve and is not a developable. 

2. If for such a system of equations, which is not involutory, aa’ —1 is 
equal to zero, its integrating surface degenerates into a plane or line. 

3. If the system is involutory, its integral surfaces are either curves or 
developables and the most general integral curve or developable is not a mere 
projective transformation of any particular one. 

For the purpose of constructing a projective differential geometry of non- 
developable surfaces we may therefore confine ourselves to the first case. More- 
over, any non-developable surface may be studied by means of such a system of 
equations. For let x, y, z be the non-homogeneous codrdinates of a point on 


| 
| Oz 
| Ox Oy” 

| 
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any non-developable surface, and take x and y as independent variables. Then 
z will be a certain function of x and y, say 


z=f (x,y). 


We can determine two functions a and a’ of x and y so that z will satisfy equa- 
tions (12), provided that 


Oz 0 


If, however, 


we may transform the independent variables by putting 


% = ax + By, y = yx + dy, ad — By + 0, 


where a, 8, y, 6 are constants. These constants may always be chosen in such 
a way that 0°2/0x0¥ will not be zero, unless not only 0°z/Ox0y, but also 
0’z/Ox* and 0?z/dy’ are equal to zero. In that case the surface would be a 
plane. Excepting this case it is, therefore, always possible to construct a system 
of form (12) for every surface. Since, moreover, the surface is not developable 
aa’ — 1 will not vanish. If homogeneous coérdinates be employed, and an arbi- 
trary set of independent variables, a system of form (3) will be obtained for 
which aa’ — 1 is different from zero, and which is not involutory. 

Therefore, the theory of a completely integrable non-involutory system of 
two partial differential equations of the second order, with two independent 
and one dependent variable, is identical with the projective differential geome- 
try of non-degenerate, non-developable surfaces in three-dimensional space. 


§ 3. General notions on invariants and covariants. 


Consider a system of form (8) whose integrability conditions are satisfied 
identically and for which aa’ — 1 does not vanish. Let 


(16) y” = f(u, v) (k=1, 2, 3, 4), 


be four linearly independent solutions of the system. Equations (16) determine 
an integral surface S, of (3), and the most general integral surface of (8) will 
be a projective transformation of S,. 

But there are some, so to speak, accidental elements in the representation (16) 
of the surface S,. In the first place, since the codrdinates are homogeneous, 
multiplication of the four functions “ by an arbitrary function » of wu and v 
will not alter the surface. In the second place the independent variables may 


j 
J 
4 
= 
{ 
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be transformed arbitrarily. If, therefore, we make any transformation of the 
form 


(17) u= (u,v), v= Y(u,v), 


the transformed system of differential equations will have the same integral sur- 
faces as (3). 

Those combinations of the coefficients of (3) which are unaltered in value by 
a transformation of form (17), will be called invariants. Such invariant fune- 
tions as depend also upon y and its derivatives will be called covariants. Any 
projective property of a surface will be expressed by an invariant equation, or 
system of equations, i. e., by one which is left unchanged by transformations of 
the form (17). The covariants will determine other surfaces and other geomet- 
rical configurations which have a projective relation to the given one. 

The determination of the invariants and covariants of system (3) under the 
. transformations (17) constitutes, therefore, nothing more or less than a projective 
differential theory of surfaces. In this general form, however, it is exceedingly 
difficult. The calculations involved are so long and complicated as to become 
tedious and uninstructive. We have, therefore, decided to reduce (3) to a 
canonical form, a form which exists for every surface, so that there is no sacrifice 
in the generality of our considerations, in so far as they refer to any non-develop- 
able surface. It remains desirable, nevertheless, to construct directly an 
invariant theory for a system of form (3), or more generally still, for a system 
of form (1) which is not in the canonical form. This, however, is a question 
which we shall, for the present, leave untouched. 


$4. The intermediate form. The surface referred to its asymptotic curves. 
Transform the independent variables in (3) by putting 
U=$(u,v), C=Y(u,yv). 
Let y,, ete., denote 0y/Ou, Oy /Ov, ete., and put 


od 


ete. Then we shall find 


an 


(19) = Pu Yau + + Vu Pe) Yun + Vu + + Vue 
Yn = Yn + 26, + VE + + 


| 
| 
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If these values be substituted into (3), if the resulting system of equations be 
solved for y,, and 7,,, aud if the new coefficients be denoted by @, 4, --., @, ---, d’, 
we shall find 

the other coefficients being fractions with the common denominator 
(21) 4 = (4.9, + 6.9. — 


the first factor of which will not be equal to zero since ¢ and are independent 
functions of w and v. 
Let ¢,:¢, and y,:, be the two roots of the quadratic 


(20) 


a? —2t+a’'=90, 
so that, for example, 
¢, 1+ 
a 
or 


(22) (1+ 


These equations are distinct since 1 — aa’ does not vanish, so that the Jaco- 
bian of the functions ¢ and yf will not vanish as a consequence of (22). Assume 
a+0. Then neither ¢, nor ¥, can vanish since, as a consequence of (22), ¢, 
or ¥, would then also vanish, and this would reduce the Jacobian of ¢ and ¥ to 
zero. The denominator of the expressions (20), or the second factor of A, 
becomes 


¥, 


(1 — aa’) 
a 


which is different from zero. The transformation indicated, therefore, makes 
a@=a@' =0. We have proved this under the assumption thata +0. Ifa=0 
and a’ + 0 we may still make @ = a’ = 0 by a very slight modification of the 
above argument. If a= a’ =0 the original system has the required form 
without transformation. 

Suppose this to be the case. Equations (20) show that this form will not be 
altered if we make either the transformation 


 F=H(0), 
u=9(v), v=¥(u), 


where ¢ and ¥ are functions of a single argument. 
We may recapitulate as follows. A system of form (3), whose integrating 


i 
| 
| 
| 
| 
| 
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surfaces are not developables, may always be reduced to the form 


23 Yuu = by, + cy, + dy, 
In = +cy,+ Cy, 

which shall be called its intermediate form. The reduction requires the inte- 
gration of the partial differential equation 


If the independent variables have been selected in such a way as to cause 
the system to assume this intermediate form, the most general transformation 
of the independent variables which does not disturb this form is either 


(25) t=$(u), T= 
or 

(26) u= (vr), t= v(u), 

where & and are arbitrary functions of their arguments. 

It is easy to find the geometrical significance of this intermediate form. Con- 
sider a curve v = const. on the surface S|. Let » and y be arbitrary functions 
of wand v. Then the four values of Ay" + yy” will be the codrdinates of an 
arbitrary point on the tangent of this curve constructed at P,; similarly 
Ay" + py? + vy will represent the coordinates of an arbitrary point of the 
osculating plane of the same curve at P. An aggregate of the form 
py + oy) + ty? represents a point in the plane tangent to the surface S) at 
P,. Equations (23) show that any arbitrary point of the plane which osculates 
the curve v = const. at P,, is a point of the plane which is tangent to the sur- 
face at P,. The curve v = const., therefore, has the property that its osculating 
planes are at the same time tangent planes of the surface. Such curves are 
called asymptotic curves. From our considerations one easily deduces that there 
are just two families of oo' asymptotic curves upon the surface. They are the 
curves « = const. and v = const. determined by the above process. 

Reduction of a system of form (3) to its intermediate form is, therefore, equiva- 
lent to the determination of the asymptotic curves of its integrating surfaces. 

It is also clear why the transformations (25) or (26) leave the intermediate 
form unchanged. They merely transform the asymptotic curves of each family 
into themselves, or else interchange the two families. 


§ 5. The integrability conditions for a system in the intermediate form. 
The canonical form. 


Consider a system of the intermediate form 
Y, + 2ay, + 2by, + ey =9, 


(27) , 
+ 2a'y, + 2b'y, + 0. 


1 . 
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We proceed to develop its integrability conditions explicitly. By differentiation, 
we find from (27), 
=P Yu. + Poy, + 


Yuce =" Yun + + 
Yovr = 81 Yue + 829, + + 
b, p,=40—2a,—c, p,=4ab—2b,, 
—2a, q,=4ab—2a,, = 4bb'—2b,—c, 
r=— 2b, = 4a'b — 
s,=—2a, 8, = 4ab'—2a', s, = 4b°—2b'—c’, 
The integrability conditions are obtained by writing 


ey... OY vue OY... OY 
“Ov ~ Ou’ ~ 


It will be found that the first and last of these three conditions are fulfilled 
identically. We find further 


“he -( + te) You + 2a 


Or, er, 9 


or Cr 
+ ( 2dr) y, + ( 


In order that these two expressions may be equal for all values of y, ¥,, y,, ¥,,,5 
the corresponding coefficients in the two expressions must be identical. We 
thus find the following four conditions : 


a,—b'=0, 

a, + 2b'a, — 2ba’ — = 0, 
— — 2b'b, — + — 2a’'b, — 4ba') = 0, 
ce’ — — 2a’e, + 2ac’ — — 4e'b, — 2be’ + =0. 


(30) 


The conditions (30) must be satisfied in order that the general solution of (27) 
may depend upon just four arbitrary constants, for this is the only case of 


Pp, = 2ac—c,, 
q, = 2be'—c,, 
r, = 2a'c—c' , 
8, = 

Cu | 
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interest from the point of view of the theory of surfaces, as was explained in 
§ 2. These integrability conditions (30) are symmetrically constructed from the 
coefficients of (27) in such a way that the operation which consists in inter- 
changing simultaneously the letters in the two rows of the symbol 


aa@aee 

bb 
converts the first and fourth equations into themselves and interchanges the 
other two. 

From the significance of the conditions (30), it is clear that they must form 
an invariant system of equations. In other words, if the variables in (27) are 
changed arbitrarily, but in such a way as not to disturb the form of the system, 
the integrability- conditions for the transformed system of equations will be ful- 


filled if they are fulfilled for the original system, and conversely. 
On account of the first condition of (830) we may write 


(31) a=p,, b’ = p.. 
Transform (27) by putting 
y=, 
where 2X is a function of w and v. We find a new system of the same form for 
y whose coefficients are 
A,,, + 2ar, + 2dr, 
x 


Owing to (31) we may make @ = b’ = 0 by putting 


A=xe?, 
so that 
r,, r, 


2 2 


whence 


(32) 


é=c—a,—a’— 2b =f, 

=y. 

It becomes possible, therefore, to put the system (27) into the form 
Yun + 2by, + Sy = 9, 


(33) 
+ 2a'y, + gy 0, 


4 
| 
{ 
| 
( 
| 
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which is characterized by the conditions a=b'=0. We shall speak of (33) 
as the canonical form of the given system of differential equations. It may be 
obtained from the intermediate form in the way just indicated. The first of 
the four integrability conditions (30) is satisfied identically. The other three 
assume the simplified form: 


a’ +9, + + = 0, 
(34) +f, + 2a’b, + = 0, 
Jun — 2af, + 4fb, + 2g, 0. 


Seminvariants and semi-covariants. 


Consider again the system (27) of differential equations, and let it be trans- 
formed by putting 
(35) 
where 2 is an arbitrary function of wu and v. Those functions of the coefficients 
of (27), of y, and of the derivatives of these quantities, which are left un- 
changed by every such transformation, shall be called seminvariants or semi- 
covariants according as they do not, or do contain y and its derivatives. 

We find from (35) 


Y= 
You = + 
You = Muy + 
which gives, upon substitution into (27), 


(36) 


+ + + cy= 0, 
+ + 20'7, + = 0, 
where 
r 2 
x x 2a’r, + 20’ 


We find the following seminvariants 
a, b, 


=c—a,—a’— 2bb, =c —b’ —b"~— 2Qad. 
u 9g v 


(38) 


The derivatives of these four quantities are also seminvariants. Every semin- 
Trans. Am. Math. Soc. 17 
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variant is a function of a,b, f, g and of their derivatives. That this is true 
may be, most simply, seen as follows: A seminvariant has the same value for 
system (27) as for any system obtained from it by a transformation of form 
(35). Make the transformation of form (35), which reduces (27) to its canon- 
ical form according to the method of $5. The resulting system (33) has pre- 
cisely a’, b, f and g as its coefficients. Every seminvariant can, therefore, con- 
tain only these quantities and their derivatives, as was to be shown. 

Semi-covariants contain y, y,, Y,, ¥,,» ete., in addition to the coefficients of 
(27). Since all higher derivatives of y may be expressed in terms of the four 
quantities 

Ys Yur Yor 

we may confine our search for semi-covariants to such as involve them. We 


find, from (36), 


Y= 


r, r, 


Yue = Yu ZT x xr ’ 


so that y itself is a relative semi-covariant. By making use of (37) we find 
three other relative semi-covariants 
p=y,+by, 
+ Dy, + ay, + 3(a, +b, + 2ab’)y; 
in fact these quantities satisfy the equations 

y=ry, p=Ap, 
so that their ratios are absolute semi-covariants. The four semi-covariants 
Y, %, Pp, @ are clearly independent. Moreover equations (40) show that 
Ys Yus Yes Yu. May be expressed in terms of y,z,°p,0. Since every relative 
semicovariant can be expressed in terms of y, y,, y,, ¥,,, it may be also 
expressed in terms of y, z, p, o. By reducing to the canonical form it 
becomes obvious that all semi-covariants can be expressed as functions of 
2%, p, and of seminvariants. 


(40) 


§ 7. Invariants and covariants. 


In order to find invariants we introduce transformations of the independent 
variables which leave the intermediate form of the system of partial differential 
equations unaltered. These are either of form (25) or (26). Since (26) may 
be obtained from (25) by the simple transformation 


u=v, 
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which merely interchanges the two families of asymptotic lines, it becomes an 
easy matter to find the invariants under the general transformation if those under 
transformation (25) have been found. It is desirable, moreover, to keep the two 
families of asymptotic curves separate. For these reasons we confine ourselves 
to the transformation (25) or as we shall now write it 


(41) i=a(u), %=A(v), 
denoting the new independent variables by @ and v where a is a function of u 


alone, and £ is a function of the single variable v. Upon making the transfor- 
mation (41), we find 


oy oy 
a, Cu’ uu Cn + uu Cu’ 
49 ey oy 
Cy 


Equations (27) are transformed into a similar system, whose coefficients are 


1 
(a+ 3), tok, 
where 
Qin B.. 


These equations show that a’ and 6 are (relative) invariants as well as sem- 
invariants. 

Since invariants are also seminvariants, they can only be functions of a’, b, f, g 
and of their derivatives. It becomes necessary, therefore, to investigate how the 
transformation (41) affects these seminvariants. Invariants are such functions 
of seminvariants as are left unaltered by this transformation. 

We find, from (43), 


oa 1 oa 

61 

od , , oa’ a, 

ab ab 


| 

| 

| 
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_ From the ees (38) for f and g, and the above equations, we find 


1 
(46) Jas a(f— bf — hp), 9 = 
where 
(47) 
We have further 


oa 1 
2, B [ + +7,a'], 


Ca 
= + — — 2nfa'], 


Ov 


+ $b, + 6,6]. 


By means of these equations it is easy to verify that 


uk 
where 
(50) h=d(f+b,)— + k= joa’, + 
so that we have found four invariants a’,b,h and k. We shall show how 
other invariants may be derived from these four by certain differentiation proc- 


esses. Put 
(51) A=dab’, B=a"b, H=ah, K=bk 


so that 
A B H K 


it being assumed that a’ and b are different from zero. 
Introduce two symbols of operation 
(53) U=a ou’ 


Then clearly 
(64) U(B), V(A), U(K), 
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are also invariants. In fact 


) OK) 


so that it becomes clear that every me of these two processes gives rise 
to an invariant. ; 
Further, from two invariants \ and yw for which 
1 1 


(65) OB) = 


UK) = 


we can always.form another, its Wronskian. In fact we find 


whence, by logarithmic differentiation, 


so that the function 


is an invariant for which 


(57) 
We shall speak of (,,) as the Wronskian of « and A with respect to wv. 

By combining the Wronskian process with the operations U and V, it clearly 
becomes possible to deduce an infinity of invariants from A, B, HW and X. 
We proceed to show that any invariant is a function of those obtained in this 
manner. 

In the first place, the equations which define A, B, H and KX, show that 
a’, b, f and g may be expressed in terms of A, B, H, K and of their deriva- 
tives. Since all invariants are functions of a’, b, f, g, and of their derivatives, 
any invariant may be expressed as a function of A, B, H, K and of the 
derivatives of these quantities. 

Introduce infinitesimal transformations by putting 


(58) a(u)=u+ o(u) dt B(v) =v+ ot, 
where 6¢ is an infinitesimal. Then 
a,=1+¢, 6, a, =0, 
(59) B,=9, 8, 
a,8,—4,8,=1+ ($, + 


| 
| 
| 
| 
(56) = mur, — Dry, | 
4 
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The infinitesimal transformations of A, B, H and AK become 
(6) 8A=—38¢, Adt, SB= — 3y, Bot, 5H = — SK = — dy, Ket. 


The infinitesimal transformation, 67’, of any function of A, B, ete., being 
known, we may easily find the infinitesimal transformations 5/’, and 6, of its 
first derivatives. In fact we shall have 


oF OF _ 1 OF 0(8F) 
« ou du 


dv Ov ~ dv. 

Thus we find 
8A, = — (3¢,,4 + 46,4,)8t, 8A, = — (36, + 

(62) —(¢, + 3p,) Bot, dB, = — (3y,,B + 4y,B,) ot, 
8H, = — (5$,, 1+ 6$,H,)8t, 8H, = — + Hot, 

8K, = — ($, + 8K, = — + 6p K,) dt. 


All absolute invariants 6 which involve only A, B, H, XK and their first deriv- 
atives must, therefore, satisfy the system of partial differential equations obtained 
by forming the infinitesimal transformation 50 of an arbitrary function of these 


— ot, 


(61) 
at. 


arguments and equating to zero the coefficients of ¢,, ¥,,,¢,andy,. If we are 
looking for relative invariants we may dispense with the latter two equations, as 
the following consideration will show. Consider the special transformation for 
which 

(63) a(u)=cu, B(v) =c'v, 


so that 
B, =c’, 


where c and c’ are arbitrary constants. Then . 

B=(c')*B, ete, 

A,=c'A,, ete. 
In general, let P be a combination of the quantities A, B, H, K and of their 
derivatives, and suppose that the effect of the transformation (63) is to convert 


it into P, where 
P. 


We shall then say that P has an a-weight equal to p and a #-weight equal to 
p'. Thus the weights of A and B are (+ 3,0) and (0, +3) respectively. 
It is clear that differentiation with respect to « and v diminishes the a- or B- 
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weight respectively by unity. The weights of a product are the sums of the 
respective weights of the factors. 

We shall say of a sum that it is isobaric of weights w, w’ if each of its terms 
has the weights w, w’. It is clear that every absolute invariant is isobaric of 
weights 0,0. Every relative invariant must be isobaric. 

We obtain an infinitesimal transformation of the form (638) if we let ¢, and 
y, in (60) and (62) represent constants. Under this assumption, if /’ is any 
isobaric function of weights w and w’, the infinitesimal transformation of F’ will 
be of the form 
(64) SF = — (wo, + 


If $, and y, are not constants, the expression for 6/’ will contain other terms 
which will have ¢,,, ¥,,, etc. as factors. If, however F’ is an irreducible (rela- 
tive or absolute) invariant, the equation 5/’=0 must be a consequence of 
F' = 0, which implies that if 7’ is an invariant of weights w, w’, the equation 
(64) must be satisfied even if ¢, and y, are not constants.* 

Suppose then that we form the general expression for 57’, where /’ depends 
upon A, B, H, K and the derivatives of these quantities up to any order 7, 
and equate to zero the coefficients of all of the derivatives of the arbitrary func- 
tions ¢ and y, including ¢, and y,. We thus obtain a complete system S of 
partial differential equations, whose solutions are the absolute invariants up to 
the nth order. If we omit the two equations of this system obtained by equat- 
ing to zero the coefficients of ¢, and y,, we obtain a system S’ of partial dif- 
ferential equations satisfied by all relative invariants. Moreover, only such 
solutions of this system S’ will be relative invariants for which (64) is satisfied, 
i. e., only isobaric solutions of the system are admissible as invariants. The 
relative invariants are certainly not all of weight zero. We know in fact that 
A, B, Hand K are independent relative invariants, both of whose weights are 
not zero. Any relative invariant can, however, by multiplication with properly 
chosen powers of A and B be converted into an absolute invariant. Conse- 
quently there are two more independent relative invariants than absolute invari- 
ants. If the system S’ were not a complete system, the difference between the 
number of relative and absolute invariants could not be equal to two. The 
system S’ is, therefore, a complete system and every isobaric solution of S’ is 
relative invariant. 

All relative invariants which involve only A, B, H, K and their first deriv- 
atives are, therefore, isobaric solutions of the complete system of two equations 


06 06 0 06 06 
 * For the coefficients of gun, Yoo, etc. cannot vanish in consequence of F= 0, if we assume F 


to be irreducible, since their coefficients are of weights lower than w, w’. The complete discus- 
sion would be the same as that in the author’s treatise Projective Differential Geometry, etc., p. 22. 


3A oA. +5H 3B OB. + 5K 


| 
| 
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which involves (in part with zero coefficients) twelve independent variables. It 
has therefore ten independent solutions. These may be selected in the form 


(65a) A, B, H, K, V(A), U(B), V(t), U(K), 
¢ together with the two Wronskians 
(65d) (A,H,), (B,,). 


For they are clearly independent. In fact, taken in this order, each of these 
functions involves one variable which does not occur in any of the preceding 
ones. 

All relative invariants which involve also the second derivatives of A, B, 
H, K will be isobaric solutions of a complete system of four independent equa- 
tions with twenty-four independent variables. They are, therefore, twenty in 
number. Ten of these we have already found. The other ten may be taken in 
the form 


V+(A), V*(H), V(A,H,), (A,V(A),), (4,(4, 
U*(B), U(B,K,), (B,U(B),), (B,(B, K,),); 


for it is apparent that these are independent. 

We have now determined all invariants up to and including those of the 
second order; they are isobaric functions of the twenty invariants (65) and 
(66). We make the following remarks. Let an invariant be called an a- or a 
S-invariant if only one of its two weights is different from zero, so that the 
8-weight of an a-invariant is zero, ete. Our invariants have been so chosen 
that half of them are a- and half of them 8-invariants. Consider the five a-in- 
variants of the second order. They are those in the first row of (66). Two of 
them, the first and the fourth do not contain #7, and contain only two of the 
three derivatives of the second order of A, viz., A,, and A,,. The other three 
a-invariants contain each a different one of the three second derivatives of //. 
A similar classification may be made of the f-invariants. Suppose we had 
determined all of the invariants up to and including those of the » -- 1th order. 
To determine those of the nth order we should have to solve a system of partial 
differential equations containing two more equations and 4(n +1) more vari- 
ables than the system for the invariants of order n —1. There will be, there- 
fore, 4n +2 invariants which involve the nth derivatives of A, B, H, K. 
Similarly there will be just 4n — 2 invariants of the n — 1th order. 

Let us suppose that what we have found to be true for the invariants of the 
second order is also true for those of order n —1, i. e., let us suppose that 
2n—1 of them are a- and 2n —1 of them #-invariants. Denote these a-in- 
variants of the » — 1th order by 


(66) 


1907] E. J. WILCZYNSKI: DIFFERENTIAL GEOMETRY OF CURVED SURFACES 255 


The notation indicates a division of these a-invariants into two classes ; those of 
the first class do not depend upon #7 and its derivatives, those of the second 
class do. Let 


(r+s=n—1), 


denote the derivative of P taken r times with respect to w and s times with 
.Tespect tov. Then we shall assume that J, J,, ---. Z,_, contain in this order 


and that no function J, contains A{'-"),,. 
We assume further that the functions J}, 7), ---, 7; taken in this order 


The 2n — 1 functions 
(67) V(L,), 


will then be a-invariants of the nth order. Those of the first set contain all of 
the derivatives of A of the nth order except A ,,, A\,,. Those of the 
second set contain all of the derivatives of H of the nth order except H7\ ,,. 

Consider the Wronskian of A and J, with respect to w. It will be an 
a-invariant which will contain the derivative A”, ,,.. Similarly the Wronskian 
of A and J’ will be an a-invariant which contains /7;;) ,,.. If we add these two 
a-invariants to the 2n — 1 of (67), we shall have 2x + 1 independent a-invar- 
iants of order n which can be divided into two classes precisely in the same way 
as was assumed to be the case for those of the n — 1th order. Since this classi- 
fication was actually possible for the invariants of 2, it follows that this same 
classification will actually hold for any order n. 

We have seen, therefore, that the Wronskian process and the process V 
enables us to obtain 2n + 1 independent a-invariants of order n from A and 
H. Similarly, by means of the Wronskian process and the process U we may 
obtain 2x + 1 independent S-invariants of order from B and FX. It only 
remains to show that these 4n + 2 invariants are also independent of each 
other. There can be no question about the independence of those which con- 
tain Tand A. But the a-invariants of the first class contain derivatives of B 
as well as of A, and the #-invariants of the first class contain derivatives of 
A as well as of B. However, the derivatives of B in the a-invariants of order 
n are only of order n —1, so that no relation is possible between the a- and 
8-invariants. 

The Wronskian, the U-process and the V-process suffice, therefore, to deduce 
all invariants from the four fundamental ones A, B, Hand K. There are 
2(n? + 2n + 2) independent invariants of order equal to or less than n. 

In order to find a system of covariants we investigate the result of the 
transformation 


%i=a(u), 


i 
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upon the four independent semi-covariants (40). We find 


1 1 


(68) 
c= an + + 4nby). 


It now becomes an easy matter to verify that the following four functions are 
covariants 


(69) y, 6Az+ Ay, 6Bp+ o—ap—bz+ aby. 


They are clearly independent. very other covariant may be expressed in 
terms of the covariants (69) and of invariants. 

The most general transformation which leaves the canonical form invariant 
may be found as follows. We have shown that a system of differential equa- 
tions of form (3) may be reduced to the canonical form 


Yuu + 2by, + fy =9, 
You t 2ay,+ gy =9. 
Make successively the transformations 
y=, wt=a(u), 
The resulting system will again be in the canonical form if, and only if, 


a, la, 
i. e., if 
¥% VB,’ 
where g(v) and (wu) are functions of the single arguments indicated. We 
find, therefore, 


V4, B, 


where C is an arbitrary constant. 

Therefore, the most general transformation which leaves the canonical form 
invariant is 
(70) y=CV4B,y, t=a(u), F=BA(v), 
where a and B are arbitrary functions of u and v respectively, and where C is 
an arbitrary constant. 


| 

| 

| 

j 
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§ 8. Principle of duality. Adjoined systems. The fundamental theorem. 
Given a system of partial differential equations in the intermediate form 
Yuu + 2ay, + 2by, + cy =9, 
You + 2a'y, + 2b'y, =9, 
whose integrability conditions are fulfilled identically. If 


(71) 


y® =f (u,v) (k=1, 2,3, 4), 


are four independent solutions of (71), we interpret them as the homogeneous 
codrdinates of a point P, of a surface S. Let p, be the plane which is tangent 
to Sat P|. Its equation will be 


(72) =0. 
% 
Yo Yo Yo x 
The coordinates of the plane p, will be proportional to the minors of 2,, x,, x5, 2, 
in this determinant. Denote these minors by X’, X”, A’, A“. We shall have 


y y y y | 
Yo YP), YO |, ete. 


Let us convert the columns into rows and write only a representative row. We 


may then write for each of the four )’s, disregarding signs, an expression of 
the form 


(73) A= Yo)s 
which stands for a determinant of the third order of the matrix 


We find from (73), making use of (71), 

Av = D(Ys Yur Yur) — 2ar, 

A, = D(Ys Yuor Yor) — 

Therefore, making use of (28) and (29), 

= — Zar, + (4bb'— 2b, —¢ — 2a,)A¥— 4a Yur) —2OD(Ys Yur)s 
= — + (4aa’— 2a) — ce’ — 2b/)A— 2A Dy, Yu) DYs Yo) 


(74) 


(15 
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But from (74), 
Dy, Yus Yu) = r, + 2anr, 


Yuos Yo) =e + 202. 
Substituting these values in (75) we find 
Auu + Gar, — 2A, + (2a, + 2b, + ¢ + 8a? — 8dd’)A = 0 
(78) — 2a’r, + 6b'A, + (2b; + 2a) + c’ + 8b" 8aa’)rA = 0 


The cobrdinates of the plane p,, therefore, satisfy the equations (16) which 
are of the same form as (71). 
This system of equations (76) may be simplified. Consider the determinant, 


Yuo Yu 

(77) » yo (Yurs Yur Yor 
y? 


We find 
(78) 


But we have also 
ob’ 
~ Ow’ 
according to the first equation of (80). We may put, therefore, 


Cp Op 
a=... = 
Cu’ Cv’ 


so that (78) shows A to have the value, 
(79) A= Ce-*, 


where C’ is a non-vanishing constant. In fact, if A were equal to zero there 
would be relations possible of the form 


ay) + By? + yy + by =0 (k=1, 2, 3,4), 


with non-vanishing coefficients. But this is impossible in the case under con- 
sideration in which the general solution of system (71) depends upon four 
arbitrary constants. 

The coordinates of the plane p, were proportional to’, X”, Let us 
define them as being equal to 


— (k=1, 2,3, 4). 
VA 


Cu Cv 
\ 
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These four functions Y“ will satisfy a system of differential equations obtained 
from (76) by the transformation 

(80) 

The resulting system of equations is 

+ 2a¥, — 2bY, + (ce + 2b, — =0, 

Y,, — 2a’ ¥,, + + + 2a, —4aa’)¥ = 0. 


This shall be called the system adjoined to (71). Denote its coefficients by 
2a, 2b, ete. We have 


(81) 


a=a, é=c + 2b, — 

a@=—da, =c’ + 2a) — 4aa'’, 
whence 

b=—bd, 


so that the relation between (71) and (81) is reciprocal, i. e., each is the adjoint 
of the other. The seminvariants of (81) are 


which are respectively equal to the seminvariants 


of (81). 

System (81) represents the same surface as (71) in plane- instead of in 
point-codrdinates. But we may also interpret Y', ¥", ¥®, ¥“ as point- 
codrdinates. In that case every integral surface of (81) would be dualistic to 
every integral surface of (71). 

It is clear, therefore, that dualistic properties of any integral surface of (71) 
are analytically characterized by an invariant system of equations which 
remains unaltered if the signs of a’ and b are changed. 

If we think of a surface as being at the same time described by a point and 
enveloped by its tangent planes we must consider the systems (71) and (81) 
simultaneously. A surface S may be identically self-dual ; i. e., there may exist 
a dualistic transformation which converts it into itself in the particular way that 
every point P, is converted into the plane p, tangent to S at P, and conversely. 
In that case (71) and (81) will be identical, so that 


a=b=0. 
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The surface is then a quadric. In fact, we always have 


and in this case Y" would have to be proportional to 7” so that there will be 
a quadratic relation between y’---, 7‘. We may also see this in another way. 
If a’ = 0, equations (71) show that the curves u = const. are straight lines. 
If b= 0, the curves v = const. are straight lines. But a quadric is the only 
surface which has two separate families of straight lines upon it. 

We have, therefore, the following further result. Jf either a’ or b is equal 
to zero, the surface S isa ruled surface. If both a’ and b vanish it is a 
quadric. Quadrics, moreover, are the only identically self-dual surfaces. 

We shall close this paper with the enunciation of a theorem which may be 
regarded as the fundamental theorem of the projective differential geometry of 
curved surfaces. Any non-developable surface being given 


=f(u,e) (k=1,2,3,4), 


it determines a system of form (3) which may always be reduced to the interme- 
diate or even the canonical form, from which the invariants a’, b, h and k may 
be computed as functions of uw and v. If on the other hand a’, b, A and k& are 
given as arbitrary functions of w and v, subject of course to the integrability 
conditions (34), the coefficients of the canonical form will be uniquely deter- 


mined if a’ and 4 are different from zero. In other words, 

If the four invariants a,b, h,k are given as arbitrary functions of two 
variables u and v, subject to the integrability conditions (34), and if moreover 
a and b are not equal to zero, they determine a non-developable, non-ruled 
surface except for a projective transformation. 

It is not necessary to attempt to remove the restrictions of this theorem, as 
the author has already constructed a projective differential geometry of ruled 
and developable surfaces upon a different basis. 

BERKELEY, November 21, 1906. 


A METHOD FOR CONSTRUCTING THE FUNDAMENTAL REGION OF 
A DISCONTINUOUS GROUP OF LINEAR TRANSFORMATIONS* 


BY 
J. I. HUTCHINSON 


Two methods at present exist for the construction of the fundamental region 
of a discontinuous group.t The one applies only to groups which are capable of 
extension by reflection and consists in constructing first the region for the 
extended group (which can be done by a direct process) and then combining two 
such regions that are adjacent. The other method uses the process of the con- 
tinuous reduction of a quadratic form. It is, however, tedious in application, 
and this fact appears to place a narrow restriction on its range of practical effec- 
tiveness. In the following pages I propose a much more simple and effective 
method, applicable to groups which leave a given Hermitian form invariant. 


§ Ll. Groups of transformations of a single variable. 


Let the complex variable be denoted by z and its conjugate by z. Also let 
the equation of the fixed circle for the given group be 


(1) Fs ok +72+ B=0, 


in which the discriminant 6 = yy — af is positive (2, 8 being real) and a is 
negative. The circle is then real and its interior will be defined by the 
inequality 0. 

Let ¥’ = 0 be transformed into itself by the substitution 


(2) 
The conditions for this are 
a(aai—1)+ + Fac + Bec = 0, 
(3) aab + yad + ¥cb x Bed 
abb + ybd + ybd + B(dd —1)=0. 
Since /’ = 0 is also transformed into itself by the inverse of (2), the conditions 


ad —be=1. 


* Presented to the Society December 28, 1906. Received for publication January 16, 1907. 
t¢ See FRICKE-KLEIN, Automorphe Functionen, I, p. 539. 
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(3) may be replaced by the equivalent ones, 
a(dd — 1) — ydé — + Bec =0, 
(3’) — adb + + Feb — Bea = 
abb — yba — Fab + B(aa—1)=90. 
The transformation (2) changes the function / into F” such that 
(4) = F/AA, 
(5) A=cz+4+d. 


Suppose that for a given point z inside the circle (1) we have AA <1; 
thénce follows F” > F,, and the effect of the substitution has been to increase 
the value of the positive function #’. If there exists a second substitution 
changing the point z’ into z” so that F’” > F”, we apply it to the preceding one 
and so proceed until /’ has reached its maximum value for the series of congru- 
ent points z, 2’, z”,---. Such a maximum value will be attained after a finite 
number of steps provided that the substitutions employed all belong to a group 
G which is “ properly discontinuous” in the z-plane. I will name the point so 
determined the maximum point congruent to z. 

There may be several points congruent to z for which / has a maximum 
value. The number of these is equal to the order* v of the subgroup g of G 
defined by c = 0, since under this condition it follows from (3’) that AA =1. 
The totality of maximum congruent points obtained by varying z throughout 
the interior of F’ will form a region # bounded by certain circles, orthogonal to 
F' = 0, whose equations are 


(6) AA =1. 


The region 7? is divided by means of g into v congruent regions 2, P,, ---, 2,. 
Any one of the regions /?, may then be taken as the fundamental region for the 
given group G. 

It only remains to show how to select from among*the circles (6) those which 
bound the region 2. For this purpose we observe that when F’ increases, the 
point z approaches the center C of the circle / =0. Accordingly the boun- 
daries of 7? are to be selected from those A-circles (6) which pass nearest to C’. 
The point of AA = 1 nearest to C is 


(7) 
in which _ 
(8) A= ye _ ad e 


* This order may be infinite as in the case of the modular group when it has the real axis for 
its fixed circle. 
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The value of F’ at this point is 
(9) 


This is evidently the greatest value attained by F’ on the given A-circle, and it 
may be found by the usual process for determining the maximum value of 
a function. 

From (8) we deduce 

= ayed + — add + Ar; 
also, from the first equation (3’), 
aBct = aydé + ayed — add + a, 
whence, by subtraction, 
= AX — 
Using this result in (9) we have for the maximum value of F’ on (6), 

26 
VrAX—a 
From this it follows that the greatest values attained by /’ at the points defined 
by (7) are those for which the absolute values of \ are the least. 

It is evident, then, that the boundary circles for the region 72 occur among 
those determined by the smallest values of |X|. There does not appear to be a 
sufficiently simple and general criterion by which to select out the required 
circles from among those found in this way, but a graphical construction will 


quickly indicate which ones are to be used. 
The coefficients a, b, d are expressible in terms of X, c in the form 


F= 


A+ ¥e yo — 2X — Fe 6c — Ay 


the numbers 2, c being connected by the relation 
(11) AA = a? + See 


which is the condition that the determinant shall equal 1. Equation (11) is also 
the condition that the circle AA = 1 shall be orthogonal to F = 0. 

To give a clearer idea of how the preceding method works out in practise, we 
consider the following examples in which a, b,c, d are restricted to complex 
integers. 

Examplel. a=1,y=0,8=-—5. 

For c = 0 a substitution of period 2 is obtained having the origin as fixed 
point. Hence the region 2 consists of two congruent regions #,, #,. For 
|c| > 0 the minimum value of XA is 26, and hence A= +5 +i or +1+ Bi; 


Trans. Am. Math. Soc. 18 
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also ct = 5 and therefore c=+2+i or +1+2i. The equation of the 
A-circle is (cz — X)(€Z — X) = 1, which may be written 


and hence its center is the point z= X/c and its radius is 1/y ct. With the 
values just obtained for X, ¢ we construct the corresponding circles 1,1, ---, 
Fig. 1, using only those which occur in the upper half plane in which we take 


£,. These do not form a closed region and we accordingly take the next higher 
value of AA which is 41, whence ce = 8. The circles 2, 2, --- are determined 
by these values, and now the region above the real axis being closed we have in 
RF, thus determined the fundamental region for the given group.* 

Example a=—38,8=y=1. 

It is useful to observe from the relation \ + X = — a(a +d) that dX + dis 
divisible by a. For c = 0 the only substitution of the group is identity. The 
values of \ and ¢ first to be considered are those 
for which AXN=18,c@=1. Among these the 
only ones which give different substitutions 
with complex integral values for a, b, d are 
X=3+ 2ei,c=ei,e=-+1. These determine the 
two circles 1, 2, Fig. 2. The next higher values 
of X and ¢ are derived from AX = 25, co = 4, 
whence we obtain the circles 3,4,5. Weexclude 
4, 5 since they lie inside 1, 2. As the region 
about the center C is not yet closed we take the 
next case AX = 45, cé = 9, which determines the 

Fu. 2. circles 6, 7, 8, 9, the last two of which are to be 
excluded. As the region 7 is now closed the operation is completed. 


*Cf. PRICKE-KLEIN, Automorphe Functionen, I, p. 479. 
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§2. Transformations on two variables. 


It is evident that the general method explained above is at once applicable to 
groups of substitutions on any number of variables, the region # being then 
defined by certain inequalities of the form AA>1. For the sake of simplicity 
I will confine myself in the present paper to the case of a group G of linear 
transformations on two complex variables x, 7, the general substitution being 
written in the form 


(12) 


in which A= px +qy+r. Iwill further suppose that the group @ leaves 
the hypersphere 


(13) F=1-2-yy=0 

invariant. The conditions on the coefficients are 
ai+dd—pp=1, ab+de—pq=0, 

(14) bb+ee—qg=1, at+df—pr=0, 
c+ ff—-7%=—-1, be+ef—qr=0. 


Multiply the two equations (12) by @, d respectively and add; then subtract 
p from both members of the resulting equation and use (14). This gives 


Ga’ + dy’ —p=x/A; 
similarly, 
be + ey —G=y/A and @'4+fy—F=—1/A. 
Hence the inverse of (12) may be written 
(15) (de +dy—p)/N, y=(be' —7G)/d, 
A’ = — ta’ — fy +7. 
As the inverse substitution also leaves the hypersphere invariant we have the 


conditions 
aa + bb =1, ad + be—cf=0, 


(14’) dd+eé—ff=1, as+bg—cr=0, 
dp+eq—fr=9. 


From the fourth and fifth of these equations we deduce 
a=k(fqg—@), b=k(dr—fp), 


In order to evaluate the unknown £, we substitute these expressions for a, b, c 


| 

| 

i 

| 

| 

| 

| 

| 

| 
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in the determinant 


abe 
de f=wN 


and obtain 
k(— AA BB+ C0) =N, 


in which A, B, C are the minors corresponding to a,b,c. But since the 
inverse of the substitution (12) is 


Ax’ + Dy + P Bu + By + Q 
Cr + Fy + R’ Y= Cx + Fy + R’ 
it follows that AA + BB — CC =1 and therefore k = — NV. Hence, 


a= N(@rF—fq)= NA, 
(16) b= N(fp—dr)= NB, 
c= N(@p—dq) =— NC, 
in which d, e, --- satisfy the three relations 
=—1, 
(17) dd + e&—ff=1, 
dp+eq—fr=0. 
We next proceed to determine the maximum point of the spread 


(18) AA=1, A=prt+qytr, 
that is, the point at which the / = 1 — xz — yy takes its maximum value when 
x, y are restricted to the locus (18). Regarding 7 as a dependent variable on 
account of (18) we differentiate /’ with respect to x, 2, y and obtain as condi- 
tions for a maximum . 
oy oy oy 
e+y5,=9, 
By differentiating AA = 1 and substituting the expressions thus obtained for 
the derivatives, we deduce 


(19) Y= GAY 


By substitution of these results in the second equation (18) we obtain 
A=(rF 
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and by substituting in (10), 


- _?P 
Y= Gr” qr’ 


Substitute now in AA = 1 and solve for y. This gives 


q(—?rr+ V rr) 
Therefore 
—2+2vVrr) 
—1 


F= 


From the first equation (17) it is evident that 77 cannot be less than 1. In 
order that the point determined may be inside the hypersphere it is necessary 
to take the lower sign. Hence, the point 


_ p(V rr — _ 


is the maximum point for the spread AA = 1 and gives to F the value 


(20) 
A glance at (20) shows that the largest maximum values are attained by 
when 77 has its smallest values. The corresponding A-spreads are those of (18) 
which pass nearest to the center of /’= 0, and the boundaries for the region 


R ave to be selected from among these. 


3. Klein's group of (n+ 1)! collineations. 
§ group of ( ) 


The working out of the fundamental region for an infinite discontinuous group 
of the class just treated appears to involve a considerable amount of necessary 
detail and for that reason I reserve for a future paper the discussion of par- 
ticular groups. In the present article I will only notice, by way of illustration, 
the fundamental region ? for KLEIN’s group of (x +1)! collineations defined 
by the homogeneous equations of transformation on the variables y,, 


(21) Yi = Ya; (é= $8, 82), 


in which @,, @,,---, @,,, is any permutation of the numbers 1, 2, ---,2+1. 
We first make the group non-homogeneous by introducing the variables 
= (R= 1,2,---, 2). Equations (21) then become 
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in which x,, of the numerator is to be replaced by 1 when a,=i. We have, 
then, A = x, and the inequality conditions AA > 1 reduce to 


(28) x,%,—-1>0 (i=1, 2, -+-,m). 


Apply now to (23) the different transformations of the group. We obtain 
additional inequalities of the form 


(24) — 0 


A complete set of consistent inequalities of this type will be obtained by sub- 
jecting i and j to the condition i >. 

Returning now to the homogeneous variables, the conditions (23) and (24) 
become 


These inequalities (some of which are superfluous) define a fundamental region 
F for the given group. For, since any substitution of the group produces a 
permutation of the y,, it follows that at least one of the inequalities (25) is 
reversed. The only case in which this is not immediately apparent is that of the 
substitution which produces the cyclic permutation (¥,, Y,,,)- The 
inequalities (25) are permuted except that in place of y,7, — y,7, > 0 we now 
have 4,9, —Y,.:4n.1 >> 9- But if we add this last to the n — 1 inequalities 
Yr — > = 2, 3, ---, m), we obtain y,y, — y,¥, > 9, which is a 
reversal of the first inequality (25). Hence every point within 2 is trans- 
formed into a point outside 2 by each substitution of the group. On the other 
hand, every point outside # can be transformed into a point within. For, 
the codrdinates of an arbitrarily fixed point can evidently satisfy a set of con- 
ditions of the form 


By choosing the a, as all possible permutations of 1, 2, ---, +1 we obtain 
(xn +1)! different sets of conditions (26), including (25). It is also clear 
that no other set of conditions except those enumerated would be a consistent 
one. For if in the n(n + 1) inequalities (26) no variable occurred in the first 
term in more than n of the formulas, it would be necessary for two of the 
inequalities to have the form y,y, — y,¥,> 9, 4,9,—Y,¥, > 9, which are con- 
tradictory. Suppose, then, that y,, occurs in the first term of n+ 1 of the 
inequalities (26). A similar argument will show that some other variable, say 
Y.,, must occur in the first term of n of the remaining inequalities, and so on. 
We accordingly have the arrangement of (26). But since there are (n + 1)! 
substitutions in the group and no substitution, except 1, leaves a particular set 
unaltered, it follows that any given set (26) can be transformed into (25) by a 
certain substitution of the group, and therefore any point outside 2 has a con- 
gruent point inside. 
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After excluding superfluous conditions it is evident that the n(n + 1) ine- 
qualities (25) reduce to * 


(27) Vier Vier — > (i=1, 2,--+,m). 
The boundary 
(28) VeVi — =0 


is divided by the flat space y,; == y,,, into two parts which are interchanged by 
the substitution 


while the n — 1 remaining inequalities (27) are unaltered. Hence each of the 
boundaries (28) is paired with itself. 


* The fundamental region for this group, when the variables y; are restricted to real values, 
is given by E. H. Moore, Concerning Klein’s group of (n +1)! n-ary collineations, American 
Journal of Mathematics, vol. 22 (1900), p. 336. When the variables are real the condi- 
tions (27) become y?,,— y? > 0. For positive values of the y’s these reduce to exactly the con- 
ditions given by Professor Moore, p. 338; for negative values of the variables the two sets of 
conditions do not coincide, but they are equivalent and one may be reduced to the other by an 
‘*allowable change ’’ of the fundamental region. 

CORNELL UNIVERSITY, 

ITHaca, N. Y. 


OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS* 


BY 
EDWIN BIDWELL WILSON 


Introduction 


The object of the present communication is to study the group of unimodular 
strains about a fixed point in its relation to products of involutory strains.+ 
The interest in this group is not merely geometric; rather is it mechanical. 
The group of strains is fundamental in the theory of elasticity and as such has 
long been studied by students of both theoretical and applied mathematics. 
Indeed the different types of strain, such as simple and complex shears, tonics 
and cyelotonics, have been carefully classified { so that the present investigation 
has something well known to which to attach itself. The restriction to uni- 
modular or equivoluminal strains is necessitated by the fact that an involutory 
strain obviously cannot alter (except for sign) the volume of any portion of space, 
and hence the most general strain that can be obtained as a product of succes- 
sive involutory strains must leave volume unchanged in magnitude. It may be 
worth while to note that the ether is a body which possesses this unimodular 
elastic property, and that the instantaneous strain at a point in an incompress- 
ible fluid is similarly characterized. 

As the use of multiple algebras in geometric investigations has not been very 
wide spread, it may be proper at this juncture to enter somewhat upon the 
question of what algebra should be chosen for the present purpose. Four, at 
least, suggest themselves immediately. They are: GRASSMANN’s point analysis, 
PeANo’s vector analysis, quaternions, and G1BBs’s vector analysis.§ Any of these, 


* Presented to the Society by title at the summer meeting September 3, 1906. Received for 
publication December 28, 1906 

+ Geometric investigations on the relation of involutory transformations to various groups in 
which they occur have been carried on during the last fifteen years by numerous authors. For 
a general résumé of this work see an article on Jnvolutory transformations in the projective group 
and in its subgroups by the present writer in the Annals of Mathematics, ser. 2, vol. 7 
(1907), pp. 77-86. 

tSee, for example, THomMson AND Tait, Natural Philosophy (new edition), vol. 1, pt. 1, 
pp. 139-185. Also GrBpBs, Elements of Vector Analysis (1881-84); Scientific Papers, vol. 2 
(1906), pp. 17-90. 

§ For GRASSMAN’s analysis one may consult his first Ausdehnungslehre (1844). MEHMKE, 
Vergleich der Vektoranalysis americanischer Richtung und derjenigen deutsch-italienischer Richtung, 
Jahresberichte der deutschen Math.-Ver., vol. 13 (1904), pp. 217-228, gives some 


270 


| 

\ 


E. B. WILSON: OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS 271 


and others as well, might serve. The first two are more truly projective or 

b strain algebras than the last two. They do not depend so essentially on rela- 

tions of perpendicularity, which of course are not preserved by strains. Hence 

they would appear more germane to the subject in hand.* The physicists, 

however, make great use of relations of perpendicularity in connection with the 

¢ study of strains — the strain invariants are estimated on perpendicular axes, the 

strain quadric is referred to such axes, and so on. In short it does appear 

| desirable to take account of perpendicularity.¢ This is done alike by quaternions 

and the vector analysis of Grpps. The former seems nevertheless to be not 

quite so well suited to the questions in hand as is the latter; for the linear 

vector function of the quaternion analysis is not treated primarily as an inde- 

pendent multiple quantity with an independent set of algebraic relations but 

rather as an operator meaningless apart from the vector to which it is applied. 

Moreover strains have been carefully treated in Grpss’s work { and the treat- 

‘ ment is perhaps more easily available for reference than in any other which uses 

multiple algebra. Hence, everything considered, Gipss’s algebra will be chosen 

in this instance, although any one of the others would doubtless exhibit at some 
stage of the work its peculiar advantages over the rest. 

It may be taken as known that there are three and only three types of real 

h| involutory strains:§ 1°, a strain which reverses in direction every vector issuing 

from the origin; 2°, a strain which reverses in direction vectors parallel to a 

given line and leaves unchanged vectors parailel to a given plane which does 

not contain the line; 3°, a strain which reverses in direction vectors parallel to 

a given plane and leaves unchanged vectors parallel to a given line which does 

not lie in the plane. The first of these three types of involutory strain will be 

: called central reflection ; the second, planar reflection parallel to a line; the 

third, linear reflection parallel to a plane. The last two types are, so to speak, 

dual in nature—one through a plane parallel to a line, the other through a line 

parallel to a plane. 
These transformations may be expressed as dyadics.|| Let the dyadics be 


account of the methods of PEANo. See also PEANO, Formulario Matematico (editio v) (1906), 
pp. 165-201. The real difficulty with these algebras is not so much their inappropriateness as 
the undeveloped state of their linear vector function. 

* For this side of the question consult MEHMKE, loc. cit. 

t For this side of the question consult PRANDTL, Ueber die physikalische Richtung in der Vek- 
‘ toranalysis, Jahresberichte ete, vol. 13 (1904), pp. 436-449. There are some general 
‘ remarks on both sides of the question by myself in the Verhandlungen des III. internationalen 
Mathematiker-Kongresses (1904), pp. 202-215. 

tIn the pamphlet referred to above and more especially in his Vector Analysis edited by 
myself (1901), chap. 6 (Charles Scribner’s Sons, New York). This work will be referred to as 
Vector Analysis in the remaining footnotes or portions of the text. 

§ For a full discussion of the types of involutory strains in the projective group and its sub- 
groups see my Jnvolutory transformations, etc., previously cited. 

|| Vector Analysis, p. 332. 


{ . 
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used as prefactors so that 

p= P-p 
represents the transformation of the position vector p into the position vector p’. 
Consider the dyadic ® to be expressed in terms of any three noncomplanar vec- 
tors a, 8, y and their reciprocals a’, 8’, 7 as antecedents and consequents respec- 
tively. The identical transformation is represented by the idemfactor which in 
this case takes the form * 

I= + BB+ yy. 

Central reflection which merely effects a reversal of all directions is represented 
by the negative of the idemfactor, that is by 


7), 


and this is the only way in which it may be represented so long as the antece- 
dents are to form a set reciprocal to the consequents. 
For oblique planar reflection in the plane of a, 8 and along the direction of 

y, the dyadic 

® = aa’ + BR — yy = 
evidently suffices. The analytical form of the dyadic will not be nearly so 
simple unless the vectors «, 8, y are chosen in the plane and along the direction 
of the reflection. There, is however, a form which at least in appearance is a 
little more general than the above and which we will adopt in the future. 
Assume for trial the form 

Any vector p perpendicular to ¢ becomes 

p = P-p=I-p— 2&-p=p 


Hence the plane perpendicular to £ and all components a to this plane are 
left unchanged. Any vector parallel to « becomes 


p = = (1 2f-€) xe, 
and this amounts to reversal of direction when and only when ¢-e = 1. 


Hence the general form of a dyadic which shall represent reflection in a plane 
perpendicular to ¢ and along the direction e is 


® = J— 26, f-e= 1. 
If for any reason some other form of the dyadic should be desired, it is only 


necessary to express J, ¢, € in terms of any convenient antecedents and con- 


sequents. 
In like manner a simple inspection shows that the dyadic 


* Vector Analysis, p. 288, et seq. 


1907] E. B. WILSON: OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS 273 


® = — aa — BB + = 2y7/ 


represents an oblique linear reflection through the line whose direction is y and 
parallel to the plane of a, 8. This admits of the more general form 


‘ ® = — I, e-f=1. 


It is noteworthy that both the linear and the planar reflections have a funda- 
mental Jine and plane, although the part played by the line and plane is related 
in a sort of dual fashion in the two cases. To sum up the essential points in 
the analysis we state 

THEOREM 1. The three forms of reflection in the group of strains with their 
corresponding dyadics are 


central, 
planar, D=JI— e-f=1, 
linear, TI, e-f=1, 


where € represents the line that enters into the reflection whether the reflection 
takes place along it or through it, and where £ is perpendicular to, that is, 
represents * the plane of the reflection whether the reflection takes place through 
this plane or parallel to it. | 
The analytical forms given above have been obtained from the known geometric | 
properties of the reflections which have been proved to be the sole involutory 
strains. If it were not the intention to make use of the general theory of 
involutory collineations before entering upon the detail of this paper, the special 
case of involutory strains which concerns us might have been treated directly as 
} an algebraic problem, and in the following way. Let ® represent any involutory 
strain. Then 
p=P-p, p= P-p = D-D-p= 


Hence, as the relation 
p=1-p=P*-p 


holds for all vectors p, it follows that 
I= ®’, 


In other words the geometric problem of determining all involutory strains is 
coextensive with the algebraic problem of finding all dyadics ® which satisfy 


d the equation &? = J, that is, which are square roots of the idemfactor. 
To solve the equation ©? = J, assume the solution in the form 
@=V+ 
Then 


* Vector Analysis, p. 46. 
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Hence 
VV +2V-7=V-(W +27) =0. 


Now if the product of two dyadies is zero one of them must be zero or one of 
them must be linear while the other is at most merely planar.* If V = 0, then 
® = J, which is involutory although trivially so. If ¥ + 27=0,then — J, 
which is the central reflection. Next suppose that V is linear and write it as 
—2e€. Then 

and 


The latter must be planar. The condition of planarity is that the third of the 
dyadie vanish. Hence 


= 
or = 1 as before. In like manner if VY + were linear, assume 
W+27= + 2, = — J. 


Then YW = 2(ef— JZ) must be planar and the application of the condition shows 
that e-€ = 1 again in this case. Hence the problem has been solved by purely 
algebraic means. The only square roots of the idemfactor are of the form 


+ J, +(I— with e-f=1. 


The dyadic &, = }@* ® gives the transformation of surfaces.{ If ®, be cal- 
culated it is seen to be 
®, =TJ if ®=+/7, 
or 


if &=+(T— 


The change of volume is given by ®,. The calculation § of this shows that 
volumes are reversed in sign by central or planar reflection, but are left 
unchanged by linear reflection. The results may be stated as 

THeoreM 2. In central reflection surfaces (regarded as vectors) are 
unchanged while volumes change sign. In planar and linear reflection sur- 
Saces (regarded as vectors) suffer linear reflection through a line perpen- 
dicular to the plane of the original reflection ® and along a plane perpendic- 
ular to the line of the reflection ®. Volumes change or keep their sign 
according as ® is planar or linear. 
- * Veetor Analysis, pp. 282-288. This is but a particular case of a theorem in the general 
theory of matrices and due to SYLVESTER, namely: The nullity of a product of two matrices is 
not less than the greater of the nullities of the factors nor greater than the sum of the nullities 
of both factors. See WHITEHEAD, Universal Algebra, Vol. 1 (1899), p. 253. 

T Vector Analysis, p. 331, Exs. 19 and 20. These formulas are important. 

t Vector Analysis, p. 333. The best method of calculating 9, in this case is by the relation 
(68) of p. 313; for as ¢ is involutory, ¢, = + ¢>'. 

§ Vector Analysis, p. 333. The value of 9, may be calculated as above. 
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1. The special case in the composition of two reflections. 


One of the first questions to arise is: When are two reflections commutative? 
It is obvious that whatever be the dyadic ®, 


and hence that central reflection is commutative not merely with other reflec- 
tions, but with any strain whatsoever. Consider therefore two reflections 
neither of which is central. They may be written as 


+ (I — and + (I — 2n€), 


where the sign is plus if the reflection is planar, and minus if it is linear. The 
condition that the reflections be commutative is 


+ (I — 2ef)-(2— = + (J — 2nk)-( — 
which, on expansion, reduces to the equation 
= E-en€. 


This equation is satisfied, first if ¢ and 7 are parallel (as they both may be 
considered as passing through the origin, they may be taken as actually 
collinear) and ¢ and & are parallel at the same time; second, if + = 0 and 
€-e=0. The latter case is obvious, and the former becomes so when it is 
remembered that a single dyad possesses but five degrees of freedom, of which 
four are here satisfied by the relations of collinearity and the fifth by the equal- 
ity in magnitude which results from the homogeneity of the equation. The 
geometric relation of the reflections in the first case needs no discussion ; in the 
second case the equation +7 = 0 shows that 7 is perpendicular to ¢. Now ¢ 
represents the plane of the reflection. Hence the line 7 lies in the plane per- 
pendicular to ¢, that is, in the plane of the reflection. To sum up: 

THEOREM 3. That two reflections be commutative it is necessary and 
sufficient that: 1°, one of them be central ; 2°, their lines and planes be respec- 
tively coincident ; or 3°, the lines of each lie in the plane of the other. 

To find the result of the product of two commutative reflections note first 
that the product of a central reflection into a planar or linear reflection gives 
the other one of the two. For the product of two reflections, neither of which 
is central, we have 


+ (I — I — = + (T— — Ink + 


In case € and ¢ are respectively parallel to and & they may be taken equal to 
them, for the relations e- = »-£& = 1 show that the angle between the pairs of 
vectors €, and 7, ¢ are the same and hence that the vectors are either equal or 
opposite, which amounts to the same thing in this problem. Hence the product 
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is J. In case [+n = &-€ = 0 the product is 


+ (I — — 2n€) 
with the relations 


1, n-E=1, eeE=0, = 0. 
ox Eee x = — E-cE-n = 1. 
The vectors e, n, § x & and €, &, « x » therefore satisfy the relations for recip- 


rocal systems. If they be chosen as a, 8, y and a’, 8’, y’, the product takes the 
form 


Hence 


+ (I— — 288’) = = (I— 2y7’). 


The geometric meaning of the results may be summed up in a theorem in which 
it will be convenient to put some additional but obvious statements concerning 
the converse problem. 

THEOREM 4. Two commutative reflections compound into the identical 
transformation when and only when they are identical with one another. And 
conversely the identical transformation may be resolved in co* ways into the 
product of reflections which are identical. Two commutative reflections com- 
pound into a central reflection when and only when one is planar and the 
other is linear with the same fundamental line and plane. Conversely the 
resolution may be effected in co' ways into such reflections. Two commuta- 
tive reflections compound into a planar reflection when and only when they are 
either central and linear or planar and linear ; in the former cuse the line and 
plane remain the same, in the lutter case the plane of the resultant reflection is 
the plane of the two lines of the component reflections and the line of the result- 
ant reflection is the line of intersection of the planes of the components. Con- 
versely the resolution of a planar reflection into two commutative reflections 
may be accomplished in c* ways by choosing the lines of the desired compo- 
nent reflections at random in the plane of the given reflection and taking the 
planes of the components through these lines and the line of the given reflec- 
tion. Two commutative reflections compound into a linear reflection when 
and only when they are either central and planar or both planar or both 
linear ; in the first case the line and plane remain the same, in the lutter cases 
the line is the intersection of the planes of the components and the plane is the 
plane through the two lines of the components. A converse similar to the 
above holds good. 

The analysis has shown that the product of two commutative reflections is a 
reflection and has furnished specific information as to what reflection the product 
is. If it had been a matter of no importance to determine the resultant reflec- 
tion, the fact that it was a reflection could have been inferred as a special 
cease of the general theorem: If the product of two involutory transformations 
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is commutative, the product is itself involutory. This general theorem follows 
from the symbolic equations 
where ¢, and ¢, are involutory. A similar set of equations, 
shows that conversely: If the product of two involutory transformations is 
involutory, the product is commutative. This enables us to omit the word com- 
mutative from the above theorem. Hence 

THEoreM 5. The word commutative may be deleted from theorem 4 ; for the 
compositions and resolutions there indicated exist when and only when the compo- 
nent reflections are commutative, that is, when and only when they satisfy the con- 
ditions of theorem 3. 

By definition two reflections, planar or linear, will be said to be complanar 
when their fundamental planes coincide, and collinear when their fundamental 
lines coincide, irrespective of whether the reflections belong to the same type or 
not. It has been seen that two reflections which are both complanar and col- 
linear compound into the identical transformation or into the central reflection 
according as they are of the same or of different types. The next question is 
concerning the composition of reflection which are either complanar or collinear, 


but not both. 
The product of two complanar planar reflections may be written as 


(I — 2ef)-(7— 2nf), e-C=n-6=1. 
This is immediately reducible to 
I[+2(e—n)é. 
The effect of applying this dyadic to any vector p is 
p=pt2(e—7) hp. 

The condition e- = gives(e—m)-€=0. Hence is perpendicular 
to ¢, or, in other words, lies in the plane represented by €. Hence the trans- 
formation consists in adding to any vector a component in the definite direction 
¢ — 7 and of magnitude proportional to the component of that vector perpen- 
dicular to the plane represented by €. Points in the plane represented by ¢ are 
unchanged in position. 

Now by definition a special simple shear* is a transformation which leaves a 
plane fixed point for point and which moves points not in this plane along lines 


* Vector Analysis, p. 363. Note that in this case and those which follow, the coefficient of J 
is 1. This is necessitated by the fact that for any transformation compounded of reflections 
there is no dilatation. 
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parallel to a given direction in the plane by an amount proportional to their dis- 
tance above the plane. Thus a special simple shear is completely specified when 
its fixed plane, a direction in the plane, and a number which gives the amount 
of motion in that direction per unit distance from the plane is given. This 
amount is easy to determine in the above case. Analytically it is 2(¢— 7): 
for £ may be taken as a unit vector perpendicular to the common plane, and 
then, since p must be taken of unit length in the direction of ¢ if the amount of 
shift at unit distance from the plane be desired, we have &-p=1. Now the 
relations e+ = n-¢= 1 show that ¢ and 7 terminate in a plane at unit distance 
above the fixed plane. Hence 

THEOREM 6. The product of two complanar planar reflections is a special 
simple shear parallel to the common plane and in the direction of the intersection 
of this plane with the plane of the two lines of the reflections and of amount equal 
(per unit distance from the fixed plane) to twice the distance from the point where 
the line of the first * reflection cuts a plane at a unit distance from the fixed plane to 
the point where the line of the second * reflection euts this plane.t 

Two remarks will be sufficient to lead to two more theorems. In the first 
place the identity 


(I — — Ink) = (Qe — T)+( — 


shows that no new work need be done on complanar linear reflections. In the 
second place, it should be noted that any simple shear of the type above consid- 
ered may be written in the form 


I+ 


Now if two reflections be chosen with a common plane perpendicular to 8 and 
if the choice of the lines ¢ and » be made to conform to the relations 


y=2(e—n), eB=n-B=1, 
it is evident that the shear has been resolved into two complanar planar reflec- 
tions. Moreover the choice of the direction of either ¢€ or 7 is arbitrary —the 
choice of either one confines the other to a perfectly definite direction in the 
plane of the one first chosen and of y. Hence 
TueoremM 7. The product of two complanar linear reflections is a special 
simple shear parallel to the common plane in the direction of the intersection of this 


* It should be noted that the first and second reflections are respectively J — 2/¢ and J — 2¢¢, 
that is, the order of the reflections is necessarily the opposite of that in which the product of the 
dyadics is written. The reason for this is obvious. 

t The value of this amount may be expressed trigonometrically by direct translation from the 
vector formulas. If J—2e¢ be written as J— 2¢,¢, sec (ef), where ¢, and ¢, are unit vectors, 
the evaluation of the amount of shear gives 


V sec? ( + sec? ( ) — 2 see ) see ( ) cos ). 
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plane with the plane of the two lines of the reflections and of amount equal (per unit 
distance from the fixed plane) to twice the distance from the point where the line of 
the first reflection cuts a plane at unit distance from the fixed plane to the point 
where the line of the second reflection cuts this plane. 

THEOREM 8. A special simple shear may be resolved in 2* ways into the 
product of two planar or two linear reflections which are complanar with the 
jived plane of the shear, and the line of one reflection may be chosen at 
random.* The line of the other reflection will then be uniquely determined 
by the conditions stated in theorems 6 and T. 

The discussion may be carried on in similar manner for the case of collinear 
reflections. The product 


(I — — 2e€) e-C=e-F=1, 


reduces to the form 
I+ 


The vector ¢ is unchanged because of the relations 
T-e=e, E-e—C-e=0. 
The vector — x ¢ is likewise unchanged because of the relations 


TEx FEx f= 0. 


Hence points in the plane of ¢ and & x ¢ remain fixed. This is the plane of the 
shear which the product obviously represents. The result of applying the shear 
to any vector p is 


Hence the direction of the shear is e. The vector which is perpendicular to 
the plane of the shear is x x or The relations e-§=e«-F=1 
enable one to read off the amount of the shear as twice the distance between 
the points where the vectors — and ¢ meet a plane at unit distance from the 
origin and perpendicular to e. It is, however, more convenient to note that 
e+y&x 
and 


* The only exception to the at-random-ness of the choice of this line is that it shall not lie in 
the plane of the shear. It has been stated previously, however, that this plane is the plane 
of the reflections, and hence the line could not lie in this plane. Frequently this same state 
of affairs occurs. Weshall therefore make the convention that at random, applied to the 
choice of a line or plane of a reflection, means at random except for such positions as make 
the line and plane of the reflection occupy this position of coincidence, which would render the 
reflection meaningless. 


Trans. Ar. Math. Soe. 19 
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are two vectors terminating in a plane at unit distance from the fixed plane of 
the shear, that they lie respectively in the planes represented by & and ¢, and 
that their difference is precisely the magnitude and direction of the shear. 
Hence, adding a few obvious propositions, we may state 

TueoreM 9. The product of two collinear reflections, be they both planar or 
both linear, is a special simple shear parallel to the plane that contains their 
common line and the line of intersection of their planes and in the direction of 
their common line and of amount equal (per unit distance from the fixed plane) 
to twice the distance from the point where a line parallel to and at a unit distance 
above the fixed plane cuts the plane of the first reflection, to the point where it cuts 
the plane of the second reflection. And conversely any such shear may be resolved 
in 2” ways into the product of two collinear reflections ; for the common line may 
be chosen as the direction of the shear, and the line of intersection of the planes 
may be taken as any line in the plane of the shear, and the two planes of the re- 
flections may be so set as to cut off one half the amount of the shear upon a line 
parallel to the line of the shear at unit distance from the plane of the shear. 

If two complanar or collinear reflections one of which is planar and the other 
linear be compounded the result is of the form 


or — (IT — 2k). 


Apart from the initial negative sign this is merely a shear, as before, The 
negative sign reverses all the directions in space. A transformation which is in 
all respects like a shear except that all directions in space have been reversed 
may be called a perverted* shear. Then 

THeoreM 10. The relation of two complanar or collinear reflections, of 
which one is planar and the other linear, to the perverted shear is the same as 
the relation of two like complanar or collinear reflections to the (unperverted ) 
shear. See theorems 6-9. 

There have been found a number of ways in which a special simple shear may 
be resolved into the product of two reflections. The question arises whether all 
the possibilities have been enumerated. The corresponding question in the case 
of resolving a reflection into two reflections was answered in theorem 5 by means 
of general equations in the theory of involutory transformations. This method 
is not available here. Collineations may, however, be classified, in the simpler 
cases, as essentially (projectively) different according as they have similar or dis- 
similar characteristic equations. This method has been carried out in detail for 
strains in the Vector Analysis, pages 356-367. The facts are in part these: 
Any dyadic ® satisfies identically a definite cubic equation + 
# Analogously to the nomenclature of GrpBs. Vector Analysis, p. 337. 


t In general if denote a dyadic representing a strain in n dimensions and if ¢., %n 
be its invariants, the dyadic satisfies identically the equation of the nth order 


— O"—! + + (—1) = + +++ (9 —anT) =0 


| 
| 
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(® — al)-(& — cl) = 0,7 

where the quantities a, b, c are roots of the cubic equation 


If two or three roots of this equation are equal the dyadic may satisfy an equa- 
tion of lower degree. The equation of lowest degree which the dyadic satisfies 
is called the characteristic equation. There are six distinct types of character- 
istic equation for strains * (if no distinction is made between real and imaginary 
roots of the sealar cubic). To test a given strain it is merely necessary to find 
what type of characteristic equation it has. 

In the case of the special simple shear the characteristic equation is of the 
second order and takes the form 


(®— =0. 


The roots of the cubic are all equal to unity (for we are considering merely the 
ease where there is no stretching modulus), and the eubie is 


— +382—-1=0. 


For the perverted shear the roots are all equal to — 1 instead of + 1 and the 
characteristic equation becomes 

(® +I = 0, 
while the sealar cubic is 


e+ 4+ 874+1=0. 


where a, a, ---, @ are the roots of a scalar equation of the nth degree. To classify the strain 
it is convenient to classify first all different sorts of sets of roots which the scalar n-ic can 
have, according to their multiplicity, and then to subclassify according to the form of the char- 
acteristic equation. Thus in the case n —4 the different types are: a,b,c,d; a,b,c, ¢; 
a,a,¢,¢;a,d,a,b; a,a,a,a. In the first case the characteristic equation is determined as 
a product of four factors: ¢—aI, 6—bI, 9—cI, ¢—dI. Not so, however, in the other cases. 
In the second case, the factor 9 — cI may occur twice, leaving the equation of the nth degree, or 
it may occur only once, reducing the degree the (x —1)st. Similarly in the third case there 
may be four factors to the characteristic equation, or one of the factors may drop out, or two of 
them may drop out, reducing the equation to (¢—aI)-(¢—cI). There are thus three types 
of strain corresponding to this set of roots for the scalar n-ic. If all the types be counted up, 
it appears that there are 13 types of characteristic equation at most. That each of these types 
exists, is easily shown by actually writing down the expression for it. This classification is not 
complete except when n= 2 or 3; for larger values of n additional criteria must be adduced. 
Thus when n = 4, there are 14 types of strain, but only 13 types of characteristic equations, and 
when n = 5 these numbers are 27 and 24 respectively. This difficulty need not concern us here. 

* Vector Analysis, p. 366. The first two types there given differ only by the fact that in one 
case two of the roots are conjugate imaginaries. Geometrically this is an essential difference 
analytically it is unimportant. 
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This case we will not take up in detail. The entire treatment resembles too 
closely that for the (unperverted) shear. 
Consider any reflection 


The invariants ®,, ®,,, ®, which are the coefficients of the scalar cubic may 
be computed for a product of dyadics by means of the formulas * 


(W-2), = ¥,-0,, (®-2), = 
Hence the scalar eubic for the product 
= + (J — 2€f)-( J — = + (I — — + 
has the form 
(40+ne-E — + —1) =1=0. 
If this product is to be a shear of the type we have been considering, it is 
necessary that 


3 = ®,=1=+1. 


The first or last of these relations shows that the two reflections must be of the 
same type. That is, the upper sign must hold throughout. Since the upper 
sign holds, form the difference ; 


— [= 2( + — 


To multiply out the expression (YW — J)’ and hence obtain the condition for a 
simple shear would be long—a shorter method is desirable. Now if the product 
WV-Q of two dyadies is zero, either VY or © must be linear. Hence in this case 
® — /is linear. For this the necessary and sufficient condition is that (® — 7), 
vanish.t But 
(®—TJ),=4ex nf x E=0. 

Hence either ¢ and 7 are collinear or € and & are Collinear; that is, the reflections 
are either collinear or complanar. It has already been seen that they cannot be 
complanar and collinear. Hence 

TueoreM 11. The necessary and sufficient condition that a special simple 
shear be resoluble into two reflections is that the reflections be of the same type, , 
either linear or planar, and that they be complanar or collinear, but not both.. 
The resolution may then be accomplished in c* ways as specified in theorems 6-9; 
similar results hold for the perverted shear. 


* Vector Analysis, p. 312. 

+ Here and throughout the following work the upper signs belong together and the lower 
signs belong likewise together, forming only two possib‘e sets. 

t Vector Analysis, p. 315. 


| 
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Another case where the roots of the scalar cubic are all equal to unity is that 
of the complex shear of which the characteristic equation is 


This shear may be reduced to the canonical form * 
I+ a8’ + By. 


The geometric properties of the transformation are these: There is a directior, 
the direction «, which is unchanged. Vectors parallel to a do not change either 
in magnitude or in direction. Through the line there is a plane, the plane of « 
and 8, in which points move parallel to a by an amount proportional to their 
distance from the fixed line a. Through the line there is a second plane, the 
plane of a and ¥, the points of which move parallel to 8 by an amount propor- 
tional to their distance from the line «. It should be noted, however, that the 
points of any plane passing through the line a, say the plane of a and 6, move 
parallel to a certain direction in the plane of a and 8, namely the direction 


+ Bry’ 


Thus the reduction of the complex shear to the canonical form may be accom- 
plished in a single infinity of ways. A complex strain may therefore be speci- 
fied by giving its fixed line a fixed plane through this line and a number which 
expresses the shift parallel to the line (per unit distance from the line), and a 
second plane through the fixed line with the direction and amount of shift (per 
unit distance from the line) of the points is this plane. 

In distinction from the complex shear, there is the perverted complex shear, 
which is the combination of the shear with reversal of all directions in space. 
The characteristic equation of the perverted complex shear is 


and its scalar cubic is 
+ 327+ 324+1=0. 


This case is so similar to that of the (unperverted) shear that it need not be 
taken up in detail. 

Consider then the product of two reflections. Just as before, it appears that 
the reflections must be of the same type, either planar or linear, if their product 
is to be a complex shear. The upper sign therefore holds. The value of the 
invariant ®,, is 


®,, = 3 = — 1. 


* Vector Analysis, pp. 365-7. 
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Hence 
SenerE=1. 
But the relations 


eS=n-E=1 and €x 
show that the condition reduces to 
ex &=0. 


And in this equation neither e€ x » nor ¢ x & can vanish, or the product would 
reduce to the case of a simple shear previously considered. Hence 

THEOREM 12. The necessary and sufficient condition that the product of two 
reflections be a complex shear is that the reflections be of the same type and that 
the lines of the two reflections be complanar with the intersection of the planes of the 
reflections without the reflections themselves being either complanar or collinear, 
An analogous result holds for perverted complex shears, the only difference being 
that the reflections must be of different type. 

Further to discuss the transformation write the product in the form 


® = — E — — 
Here 
(n — = — Sene-E=0, 


— =0. 


Hence the vectors n — [-ne, €, &, € — €+n€ satisfy the relations which are char- 
acteristic of the vectors a, 8, 8’, y’ that enter into the canonical expression for 
the complex shear (with the exception of the relation 8-8’=1 that depends on 
the magnitudes of the vectors). The vector 7 — &+ne which corresponds to a is 
the fixed direction of the shear. By inspection, however, the vector € x & is 
unchanged —as is geometrically obvious. And in fact it is evident, on expand- 
ing, that 
(n —S+ne) x &)=0. 


The direction ¢, which is the line of the second reflection, is the other funda- 
mental line in the fixed plane. In particular a vector af x & + be becomes 


1 
at x E+be+ 2(e— 


| 
| 
| 
| 


1907] E. B. WILSON: OBLIQUE REFLECTIONS AND UNIMODULAR STRAINS 285 


Hence the amount of motion of the points in the fixed plane is 


Moreover, since e- € = 1, « may be regarded as terminating in the plane deter- 
mined by ¢, and if » be regarded as terminating in this same plane, 7-5 =1. 
Then the additional term which represents the motion in the fixed plane reduces 
to 2b(¢ — 7), with the interpretation that the points move parallel to the fixed 
line € x & by an amount equal (per unit distance from that line) to twice the 
distance from the point where the first line 7 cuts a line at a unit distance from 
that line to the point where the second line ¢ cuts the same line. 

The expression for the product shows that any vector p in the plane of [x & 
and & suffers no change parallel to the fixed line x & but is altered by the 
amount — 2¢ef-p in the direction e«. By virtue of the relation e-¢=1 the 
equation 

—e-p=(exp)xf—p 


is identical and shows that the change — 2¢f-p is twice the distance from the 
extremity of p to the point where a line parallel to € and passing through this 
extremity cuts the plane represented by ¢. To sum up we have 

TuHEoREM 13. The product of two planar or two linear reflections which are 
neither complanar nor collinear but so related that their two lines and the line of 
intersection of their two planes are complanar gives rise to a complex shear of 
which the fixed line is the line of intersection of the two planes, and of which the 
fixed plane is the common plane of the lines €,n, Ox &. The amount of the 
shift parallel to the fixed line and in the fixed plane is equal (per unit distance 
from the fixed line) to twice the distance from the intersection of the first line n to 
the intersection of the second line € with a line lying in the fixed plane at a unit 
distance from the fixed line. The plane in which there is no shift parallel to the 
fixed line is the plane of the first reflection, and points in this plane are shifted 
parallel to € by an amount * equal (per unit distance from the fixed line) to twice 
the distance from a point in the plane of the first reflection and at a unit distance 
from the fixed line to the point in the plane of the second reflection where a line 
through this point and parallel to € cuts the plane of the second reflection. An 
analogous result for the perverted complex shear. 

THEOREM 14. Conversely any complex shear may be resolved tito the product 
of two planar or two linear reflections by choosing the lines of the two reflections in 
the fixed plane of the shear and subject to the sole restriction that the distance of the 


* The deduction of the trigonometric relations that express the magnitude of the shear is left 
to the reader. 
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points where the first and second line respectively cut the line at a unit distance from 
the fixed line of the shear shall be equal to one-half the amount of shift (per unit 
distance from the fixed line) in the fixed plane ; and by choosing the two planes of 
the reflections to pass through the fixed line of the shear in such a way that the first 
plane coincides with the plane whose points are shifted parallel to the line of the 
second reflection and that the second plane be distant from the first by an amount 
measured along a line parallel to the second line and through a point at a unit dis- 
tance from the fixed line equal to one-half the amount of the shift due to the shear. 
This resolution may therefore be accomplished in cc’ ways and not in 7 ways. 

The case in which the lines of the reflections lay in the planes, each of the 
other, gave rise to commutative reflections which compound into another reflec- 
tion. If the scalar cubic and the characteristic equation had been called into 
play, it would have appeared that this case corresponds to the roots —1, —1, +1 
or —1, +1, +1 and to the characteristic equations 


or (@+ /)-(@+ 


according as the resulting reflection was linear or planar. There arises then the 
question: What if only one of the lines lie in the plane of the other reflection ? 
In this case either (+7 = 0 or &-e = 0: but not both. There is no need of 
giving the details of the computation. The result shows that the characteristic 
equation is of the third order and takes the form 


according as the roots are the first or second of the above set. 
This sort of equation betokens a simple shear* (non-special). The general 
shear of this type is 


aaa’ — p( BB’ + — or aaa’ + p( BR’ + yy’) + 7B’. 


Here, in the first case, there is a fixed direction 2. Through this direction pass 
two planes, of which one, the plane of and ¥, is’ fixed as a whole, though if 
vectors are resolved parallel to a and y the y-components are stretched in the 
ratio — p: 1 and the a-components in the ratioa:1. The points of the other 
plane, that of « and 8, have a compound motion.. The vectors which denote 
the points are stretched along « and § and take on an increment parallel to + 
of amount proportional to their components along 8. The plane of 8 and y¥ is 
stretched in the ratio p:1 and the points move out of it by an amount propor- 
tional to their 8 components, the motion being in the direction y. The vector 
8 may be chosen at will in the plane of 8 and y. In the case of the above 
roots the shear takes the form 


* Vector Analysis, pp. 366-7. 


| 
| 
| 
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aa — (BR +y7)—yB or — + (BR + 


The latter is merely a perversion of the first. 

If the line of the first reflection lies in the plane of the second, [+ = 0, and 
the product takes the form (we shall consider, as usual, the first or unperverted 
case) 

= — — 2n€. 


‘It is obvious that the line x & of intersection of the two planes plays the role 
of the fixed line a; the line 7, namely that which lies in the plane of other 
reflection, plays the role of , parallel to which the shear takes place: the plane 
of the two lines € and 7, that of the plane of 8 and y. The amount of the 
shear suffered by € is 


— 2n€-e, but (e— &-en)-E=0; 


which shows that this amount is twice the distance from the plane of € and a 
to the plane &, if that distance be measured parallel to 7. 

If it is the line of the second reflection that lies in the plane of the first, 
the product becomes 


The line of intersection £ x & of the two planes still corresponds to the fixed 
line «. The line ¢ is now the line parallel to which the shear takes place. Thus 
in either case it is the line which lies in the plane of the other reflection that 
determines the direction of the shear. The plane corresponding to the plane 
of 8 and y¥ is still the plane of the two lines. The amount of shear suffered by 
7 is 


but 


which shows that this amount* is twice the distance from the plane ¢ to the 
plane of 7 and a, if the distance be measured parallel to e. 

Conversely any simple shear all of whose roots are numerically equal to unity 
(but not all equal algebraically) may be resolved in oo' ways into the product of 
two reflections. This may be accomplished by choosing the planes of the reflec- 
tions through the fixed line and one of them coincident with the fixed plane. 
The line of the other reflection must then be chosen in this plane and along the 
direction of the shear parallel to the plane. The line of the other reflection 
may then be taken at will in a definite plane, after which the final plane is 
wholly determined by the magnitude of the shear — but differently according as 


* The trigonometric values are again left to the reader. 
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it is the line of the first reflection which is to lie in the plane of the second or 
vice versa. It will not be necessary to specify all these relations in a theorem 
or to prove, as may readily be done, that these are the only possible resolutions. 
It will be sufficient to state 

TuHeoreM 15. The necessary and sufficient condition that two reflections com- 
pound into a simple (non-special) shear of which the roots are numerically equal 
to unity is that the line of one of the reflections lie in the plane of the other. And 
conversely any such shear may be resolved into two reflections in 2' ways. 


2. The general case of the composition of two or three reflections. 


The general product of two reflections and the scalar cubic associated there- 
with have been given on page 282. The form of the cubic leads to 
THEOREM 16. If a dyadic ® is the product of two roots of the idemfactor the 


conditions 
+ ®,, +1 


hold. The scalar cubic is a reciprocal equation with one of the three roots equal 
to +1 and with the product of the other two roots equal to + 1. 
As one of the roots of the cubic is + 1, the equation may be written 


(w= 
The condition that the roots of the second factor be equal is 
®,,—1=+2, ®,,= 3 or —1. 


The three roots are then some combination selected from +1, +1, +1. 
Geometrically these cases correspond to the identical transformation, the reflec- 
tions, and the two shears—all of which have been treated in detailin $1. If 
the coefficient of the first degree term in the quadratic factor be numerically 
decreased from the value which gives the equal roots,*the roots of the resulting 
quadratic will be imaginary, whereas if that coefficient be increased the roots 
will be real. Hence the inequalities 


obtain when two roots of the cubie are real, and the dyadic reduces to a tonic ; 
while the inequalities 


|®,,—1| <2, 0 <1 


hold when two roots are imaginary and the dyadic reduces to the cyclotonic. 
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Just as in the case of shears, it will be necessary to distinguish between per- 
verted and unperverted tonics and cyclotonics. The same convention will be 
adopted, namely, that if the value of ®, is + 1 so that one of the roots of the 
cubic is + 1 the transformation is unperverted, but when ®, is — 1 so that 
one root of the cubic is — 1 the transformation will be called perverted. In 
any transformation which is the product of two reflections there is one line 
which either remains unchanged both in magnitude and in direction or is merely 
reversed in direction without change of magnitude. This is the line of inter- 
section of the two planes; and in the former case the transformation is unper- 
verted, while in the latter case it is perverted. 

Let the attention be hereafter confined to the unperverted types. The com- 
putation of the second of the product gives 


®, = I — 2% — 2Ey + 


{ This shows that areas in the plane denoted by € x , that is, in the plane of 
the two lines ¢ and 7 are unchanged. Now the entire result of the transforma- 
tion may be expressed in terms of the transformation along ¢ x & which is the 
identical transformation and the transformation in the plane of € and 7. Thus 
it becomes possible to read off the general results in the present case from those 
obtained previously.* They may be stated as 
THEOREM 17. The product of two planar or two linear reflections which relative - 

to one another have none of the special relations discussed in § 1, is a transforma- 
tion which leaves the line of intersection of the two planes unchanged whether in 
magnitude or in direction and which leaves area in the plane of the two lines 
r invariant. The fixed lines of the transformation in this plane divide harmonically 
the two pairs of lines formed by associating the line of each reflection with the line 
in which its plane cuts this fixed plane. The transformation is tonic or cyclotonic 
according as its fixed lines are real or imaginary, that is, according as the two 
pairs of lines do not or do separate each other. The result for the product of two 
reflections of which one is planar and the other linear is the same except that the 
transformation is perverted. And conversely any tonic or cyclotonic which leaves 
one line invariant in magnitude and direction and which has an invariant plane 
not passing through this line and subject to the invariancy of areas may be resolved 
into the product of two reflections both planar or both linear by choosing the invariant 
f line as the intersection of the two planes and by arranging the lines of the reflections 
and the lines in which their planes cut the fixed plane so as to give the required 


*If the statements of the following theorem 17 are not entirely clear from the very brief rea- 
soning given here, a reference to my A generalized conception of area: applications to collineations in 
the plane, Annals of Mathematics, ser. 2, vol. 5 (1903), pp. 29-45, will doubtless make 
them evident. It seems undesirable to increase the dimensions of the present discussion by 
practically repeating portions of this earlier work. 
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transformation in this plane. As this may be done in ' ways, the above resolution 
may be accomplished in co’ ways.* A similar result holds for perverted tonics 
and cyclotonies. 

In the general classification of strains there are seven types if distinction be- 
tween reals and imaginatives is made. In the classification of unimodular strains 
there are these seven types, but the additional relation &, = + 1 limiting the 
product of the roots of the scalar cubic to + 1 modifies the result somewhat. 
If the roots are all alike and if the transformation is real (which has been con- 
stantly the point of view of this discussion) the roots are either plus or minus 
one. This gives the identical transformation or the central reflection (the per- 
verted identical transformation) if the characteristic equation is ® = /=0; 
the simple special shear or its perversion, if the characteristic equation is 
(@=+])?=0; the complex shear or its perversion, if the equation is 
(@=+=/)*'=0. If two of the roots are alike, they must be + 1, + 1, —1 or 
+1,—1, —1lora,a,1/a*. The first two cases give the planar and linear 
reflections respectively, if the characteristic equation is (® + J).(® = /)=0; 
the simple shear, if the equation is 


or 


Finally if the roots are +1, 4, 1/é the transformation is a tonic or cyclotonic 
resoluble into two reflections, and if the roots are not of this type the result is a 
tonic or cyclotonic not so resoluble. 

It should be noted that theorem 16 states that if a transformation is resoluble 
into two reflections 

= ®,, +1, 

according as it is perverted or unperverted. Now conversely if these relations 
hold, the cubie becomes a reciprocal equation and the roots cannot be of the form 


a,a,+1/@ or a,b,e(not +1,h%,1/k). 


That is, the roots must bring the transformation under one of the several heads 
which has already been found to be resoluble into two reflections. Hence the- 
orem 16 may be completed in 

THEOREM 18. The necessary and sufficient condition that a strain be resoluble 
into two reflections is that the invariants of the strain satisfy the relations 


+ ®,=+1, 
that is, the sealar cubic shall be reciprocal. 
*It is interesting to note the fact, which might be stated as a theorem, that if a strain is 


resoluble into two reflections, it is so resoluble in «!, 0’, or 00% ways according as its char- 
acteristic equation is of the 3rd, the 2nd, or the 1st order. 


4 
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To return to the geometry relative to the cyclotonic and tonic. The cyclo- 
tonic of which the characteristic equation is 
— a1)+(@* — 2p cos g® + =0 
may be put in the form * 
aaa’ + pcos q( BB’ + yy’) + psin — By’). 
The scalar cubic takes the form 
(2 — a)(a* — 2p cos + p?) = 9. 
Now it has been shown that if the transformation is the product of two reflec- 
tions the scalar cubic may be written as 


Comparing corresponding coefficients shows that in this case the cyclotonic 
(confining the attention to the unperverted type) reduces to 


p=1, aa’ cos~'[(®,,—1) /2] yy’) +sin 87’). 


This is a cyclic dyadic and represents the transformation which has been 
called an elliptic rotation through the angle cos~' [(®,,—1)/2]. If 
m = 2m/eos~' [(@,, — 1)/2] this dyadie may be regarded as the mth root of 
the idemfactor.t Hence 

TueorEM 19. The necessary and sufficient condition that a cyclotonic be 
resoluble into the product of two reflections is that it be merely cyclic. The angle 
of the elliptic rotation is cos~' [(®,; — 1) /2] = — 1). 

THEOREM 20. Any root ¢ of the idemfactor may be written in c' ways as the 
product of two square roots. 


* Vector Analysis, pp. 355, 361, 366. 

t Vector Analysis, pp. 348-350. 

t It has not been shown that even if the cyclic dyadic is a root of the idemfactor, every root 
must conversely be of this type. To do this proceed as follows: First the determinant of the 
idemfactor is unity, and the determinant of a pth root of the factor must therefore be a pth root of 
unity. If the strain is to be real, this pth root must be + 1 (we may consider p as a prime, if we 
desire, and then the root would become +1). Next the equation (\’J)2=(p’I)s((/ 1) 
shows that the values of (\’)2s and (;’/J)s are such as to make the scalar cubic reciprocal. 
Now if the roots of this equation are all real they must be all equal to 1, and there must be a com- 
plete set of fixed directions. Hence the root of the idemfactor reduces to + J, according as p is 
odd or even. fut if two of the roots of the scalar cubic are conjugate imaginaries the pth root 
of J takes on cyclic form either unperverted or perverted. Thus it is proved that every root of 
the idemfactor is of this type. 
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It is not difficult to write down the ellipse in which the rotation takes place. 
It will be more convenient, as the rest of the work is in space, to write down 
the cylinder which has this ellipse for director curve and the line of intersec- 
tion of the two planes for generator. The three directions e, {x &, (e x n) x &, 
of which the last represents the line of intersection of the ¢plane with the plane 
of € and 7, are three conjugate directions in the quadric surface.* The three 
directions reciprocal to these are [, &), and the quadric may 
therefore be written in the form + 


att + be x (x Ee x (Ex &) 4+ x nex 9. 


The condition that the quadric be a cylinder parallel to € x ¢ necessitates the 
vanishing of ¢, and the fact that » and & x (€ x ») are conjugate directions 


gives 
n+ [age + be x (Ox Ejex + (Ox &)]-Ex (ex) =9. 


If the ratio of « to b is determined from this condition, the final form of the 
cylinder turns out to be 


p+ [(1 + Se x (fx Ele x (fx &)] +p = const. 


The above deduction of the equation of the conic in which the points of planes 
parallel to the plane of the two lines € and » move is in no wise restricted to the 
case of elliptic rotation. If the transformation were a tonie which leaves area 
invariant the motion of the points of the plane would be in hyperbolas, and the 
above equation would be that of the hyperbolic cylinders of which the director 
curves are these hyperbolas and of which the elements are parallel to € x &. In 
fact the form of the equation shows that the type is elliptic or hyperbolic accord- 
ing as 


and 


have the same or opposite signs — which is equivalent to the criterion established 
to distinguish between the cyclotonic and tonic. This suggests the question of 
whether it may not be possible to explain the transformation in case it is a tonie 
as a sort of hyperbolic rotation, and thus introduce a greater symmetry into the 
treatment of the tonic and cyclotonie. 

It should be remembered that in elliptic rotation the dyadic 


® = aa’ + cos g( BS’ + yy’) + sin g( yh’ — By’) 


used as a prefactor advances a radius vector in an ellipse of which 8 and y are 


* This follows from the harmonic property stated in theorem 17 and from the harmonic prop- 
erties of conjugate directions. 
+ Vector Analysis, p. 378. 
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conjugate diameters through a sector, of which the area is to the area of the 
whole ellipse as g is to 27.* In order to extend this statement to the case of 
the hyperbola it is necessary to replace the area of the ellipse by the area of the 
rectangle constructed on the semi-axes of the ellipse. Then the radius vector 
advances through a sector, the area of which is to the area of the rectangle as ¢ 
is to 2. From analogy we state 
THEOREM 21. A dyadic of the form 


= aa’ + cosh + yy’) + sinh 4+ By’) 


used as a prefactor advances a radius vector in a hyperbola of which the vectors 
B and ¥ are conjugate semi-diameters through a sector, of which the area is to the 
area of the rectangle constructed on the semi-axes (or the parallelogram on any 
conjugate semi-diameters) as q is to 2. 

As the hyperbola of which 8 and y are conjugate radius vectors may be pro- 
jected into a rectangular hyperbola in such a manner that the said conjugate 
direction become the axes of the rectangular hyperbola and all areas remain the 
same, and as the statement of the problem admits a transformation of similitude 
with the origin as center, it will be sufficient to prove the theorem in the case 
of the hyperbola «? — y’ = 1 and the dyadic 


ii + cosh ¢(jj + kk) + sinh ¢(kj + jk). 
Any radius vector in the hyperbola may be written as 


p=icosh p + j sinh p 
and then 


The area of the sector of the hyperbola from the horizontal to any inclination is 
if (cosh? p + sinh? p)d tan~' tanh p = Ap. 


Hence the theorem is proved. It might be noted that this tonic has the analytic 
form of a 27/(qV — 1)th root of the idemfactor. 

The criterion for a versort is ®-@,=J,®,=1. To apply this test to 
ascertain under what conditions the product of two reflections is a versor would 
be less simple than to proceed from the point of view of the elliptic rotation. 
If the ellipse becomes a circle the rotation becomes versorial, and conversely. 


* Vector Analysis, p. 349. 
t Vector Analysis, p. 335. 
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Hence for the versor e, 7, , & lie in a plane perpendicular to the axis of version. 
Moreover as the conjugate diameters of a circle are perpendicular to each other, 
the lines of each reflection must be normal to its plane of the reflection. There 
are similar results for the perversor. Hence 

THeoreM 22. The necessary and sufficient condition that the product of two 
reflections be a versor is that the reflections be orthogonal and of the same type ; if 
one is planar and the other linear, the result is a perversor. 

The actual expression for the elliptic or hyperbolic rotation has not yet been 
given in canonical form in terms of the elements which enter into the reflections 
of which the transformation is compounded. There is no difficulty in doing 
this. In fact the vectors which correspond to the a, 8, y of the canonical form 
may be chosen as &,€,(e€x x ¢. If m denote the quantity &- the 
reciprocals are 

€x 


,_€x (Ex &) 

= 7, = m 

From these the canonical form may be written down whether for the elliptic or 
hyperbolic type by following the models on pages 291-3. The fixed lines of the 
transformation which are the asymptotes of the ellipse or hyperbola are along the 
directions 


We pass on to the case of the resolution of the collineation or strain with a 
fixed point and a unit modulus into three reflections. Let © represent the 
strain. If the modulus is 2,= +1, all three of the reflections are linear or 
two of them are planar and the third is linear; whereas if the modulus is 
2, = — 1, two are linear and one is planar or all three are planar. Suppose 
the case to be that of the first of these four. It is required to find a reflection 
2e€ — J such that 


— 1) Joe = [2+ (el — T)]q. 


By use of the relation (Q-@), = 0,-@, this reduces to 


But we have always 0,7 = 0,-,, and hence X,=07'. That is to say, 


is the equation which must be satisfied by € and ¢. 
The other three possible cases may be reduced to these. For in the second 
ease ©, is still equal to + 1, but the first reflection applied may be planar. 
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Then the product 2-( J — 2ef) would have a negative modulus and the condi- 
tion that it be resoluble into two reflections would be 


which is precisely the same as before. If on the other hand 2, = — 1, we may 
effect the resolution of — 2 as above. But the reciprocal of — 2 is —Q-'. 


Thus the condition is unchanged. The form of the condition may be changed 
by noting that 
and OF' = NF") Ive 
and hence 

We may therefore state 

THEOREM 23. In order that € and € may serve as line and plane, respectively, 
for the first of three reflections into which a strain O may be resolved, it is neces- 
sary and sufficient that they satisfy the equation 


First consider the cases in which 1. is itself resoluble into two reflections. 
Here 
0,, = 2,07! = 0, and hence 2,—a;'=0, 


and the condition reduces to 
D-')-e= 0. 
The dyadic O — 0-' is then always incomplete ; for 
(Q—0-), = 
But 
0: AF" = = and Q, : O-" = ( 03),. 
Hence the question resolves itself into the question whether the square of a 
transformation resoluble into two reflections is itself so resoluble. The answer 
is affirmative, as may be seen by investigating the squares of the various types 
that have been obtained: but though this method leads to a number of interest- 


ing relations, it is too long to take up here. The general expression for any 
dyadic may be written * as 


Q = aaa’ + gap’ + fay’ + + eBy + eyy 
in a triply infinite system of ways. The coefficients of the diagonal terms are 


* This general form may be recognized at once by checking it against the various types we 
have noted as possible in the classification of strains. It is, however, merely the special case in 
three dimensions of a general form to which a collineation may be reduced. This form is not so 


Trans. Am. Math. Soc. 20 
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the roots of the scalar cubic. The square of this dyadic is, as far as concerns 
the terms in the diagonal, 


0? = a’aa’ + + + 3 terms. 


Now if one of the quantities a, b, c is numerically unity and the other two are 
reciprocals, the same is true of a’, b?, c?. Hence 

THeoreM 24. If Q is resoluble into the product of two reflections the dyadic 
Q — 2~' is incomplete, and the condition on € and § becomes 


®,=0, 
and conversely. 

It is possible to write 2 — Q-' as Q-'-( 0’? — J), and all the degrees of 
incompleteness must occur in the factor 0? — J. If this vanishes, 2 is itself a 
reflection; if it is linear, all three roots of the eubie are numerically unity and 
the transformation is one of the simple shears, special or non-special ; if it is 
merely planar, the transformation is a complex shear or an elliptic or hyperbolic 
rotation. In the first of these three cases « may be chosen at pleasure and so 
may €. The condition is always satisfied. In the second case, if € is taken per- 
pendicular to the consequent of ®, £ may be chosen at pleasure, whereas if € is 
not so chosen, € must be selected from the vectors perpendicular to the antecedent 
of ® and not perpendicular to «. It would be impossible to make this choice if 
e had been chosen parallel to the antecedent of ®, that is, if D-e = xe and 
w +0. But in this case, as ® is linear, D-e = eh, =. Hence any choice 
of ¢ is admissible. In the last case any choice for (not perpendicular to e) is 
permissible if ¢€ be taken perpendicular to the plane of the consequents of ®. 
But if ¢ be not so taken, then € is restricted to plane perpendicular to 
(Q2—Q-')-e. There may be two independent values for e, for which 
(2 — 2-')-e becomes parallel to ¢ without vanishing, and the indicated resolu- 
tion then becomes impossible. A brief examination of this case shows that the 
widely used as it would be if authors were less willing to assume the ‘‘ general case’’ of a com- 
plete system of fixed points when discussing collineations, (It may be noted in passing that the 
group of translations does not contain a single transformation which can be said to belong to the 
‘* general case.’?) The general form to which any collineation may be reduced is 

pa = gg + P¥n—1 = An—1 + An—1 


Me =a AnnIn 


where only the terms on one side of the diagonal occur. The proof of the reduction is easy. 
The collineation has one fixed linear space S,_:. Take this as the space x, —0 of reference. In 
this space there must be one fixed subspace S,-2. Choose the second space an—: = 0 of reference 
to pass through this space S,-2. In the space S,_2 there is likewise a subspace S,—s which is 
fixed. Pass the third?space x,-2 — 0 of reference through this S,-3. And soon. It is not hard 
to show that with this choice of spaces of reference the collineation reduces to the type here 
given. 


| 
| 
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only directions ¢ for which (1 — Q~').e is parallel to € without vanishing are 
the fixed directions of the rotations. These results and some others which it is 
not difficult to verify may be stated in the following theorems: 

THEOREM 25. An elliptic or hyperbolic rotation may be resolved into three 
reflections by taking the line of the first reflection at random (with the exception of 
the two fixed lines in the plane of the rotation) and taking the plane through a 
specified line; or by assuming the plane of the first reflection at random and choos- 
ing the line in a specified plane. There is one exceptional choice of the line and 
one of the plane such that the choice of the other remains arbitrary. 

THEOREM 26. A complex shear may be resolved into three reflections by taking 
the line of the first reflection at random and taking the plane through a specified 
line, ete., as in theorem 25, 

THEOREM 27. A simple shear of the types considered above, whether special or 
non-special, may be resolved into the product of three reflections by taking the line 
of the first reflection at random and taking the plane through a specified line ; or 
by assuming the plane of the first reflection at random and choosing the line 
in a@ specified plane. If, exceptionally, the line be chosen in a certain plane 
or the plane through a certain line, the subsequent choice of the other remains 
arbitrary. 

In the discussion of the case where 2 is not resoluble into two reflections, the 
behavior of the dyadic 


is of fundamental importance. If 2 be expressed in the reduced form 


1 
Q =aaa’ + + abt + 3 terms 
the dyadie V takes the form 


1 1 1 1 , 
+[ +[ +3 terms, 


and will be complete unless one of the coefficients of the three diagonal terms 
vanishes. Suppose the first one to vanish. Then 


or 


This expression is always factorable into three factors chosen from among the 
six (b+1)(a+1)(ab+1)=0. These are just the conditions that one of 
the roots be numerically unity, that is, that the strain © be resoluble into two 
reflections. Hence 
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THEOREM 28. The necessary and sufficient condition that Q be resoluble into 

two reflections is that 
¥=(2— 2") — 3 (2, — OF") T 
be incomplete. 

In case 2 is not resoluble into two reflections, it is (by virtue of this theorem) 
impossible to find any direction for the line e which shall allow the plane ¢ to be 
arbitrary. The question arises whether there may not be directions for ¢ which 
shall make it impossible to find any € whatsoever. The case of impossibility 
can only arise when V -¢ is parallel toe. That is, in case € is one of the fixed 
directions of V. But as every direction is fixed in the transformation ‘J, it 
is sufficient to state that ¢ is a fixed direction for Q — Q-', and a reference to 
the expression of this dyadic in reduced form will show that this is equivalent 
to saying that ¢ is a fixed direction of 2. Now there are only two types of 
strain which we have to consider and which are not resoluble into two reflections. 
They are where the roots are a, a, + 1/a*, which is a simple shear or special 
tonic, and where the roots are a, b, ¢ and none of them numerically unity —the 
tonic or cyclotonic. In the case of the tonic or cyclotonic there are just three 
directions of impossibility (and for the cyclotonic two of these are imaginary), 
for the simple shear there are two such directions of which one is the fixed 
direction of the shear and the other the direction parallel to which the shear- 
ing takes place; for the special tonic there is a whole plane of such directions, 
the plane of the equal roots a, a. 

THEOREM 29. Any unimodular strain not resoluble into two reflections is 
resoluble into three reflections of which the first has an arbitrary line (provided it 
be not collinear with any of the fixed directions of the strain) and a plane which 
must pass through a definite line but is otherwise unlimited except that it should not 
pass through the line of the reflection. 

It may be observed in general as a result of the foregoing theorems 25-29 
that to resolve a strain into three reflections we have 

TueoreM 30. Jn all cases the line of the first reflection may be chosen at 
random (except along such fixed directions of the strain as correspond to stretch- 
ing) and the plane may be any plane which passes through a specified line but does 
not contain the line of the reflection. 

The proportions which this article has attained and this natural close make it 
unwise to continue here and now with the more detailed relations of oblique 
reflections to the unimodular strains. 


YALE UNIVERSITY, NEW HAVEN, ConN., 
July 25, 1906. 
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ON THE INTRODUCTION OF CONVERGENCE FACTORS INTO 
SUMMABLE SERIES AND SUMMABLE INTEGRALS* 


BY 


CHARLES N. MOORE 


The object of this paper is to develop certain general theorems about con- 
vergence factors. In the case of series we shall mean by convergence factors a 
set of functions of a parameter which, when introduced as factors of the succes- 
sive terms of the series, cause a divergent series to converge, or a series which 
is already convergent to converge more rapidly, throughout a certain range of 
values of the parameter. In the case of integrals we shall mean by a conver- 
gence factor a function of the variable of integration and a new parameter 
which, when introduced as a factor of the integrand, causes a divergent integral 
to converge, or an integral which is already convergent to converge more 
. rapidly, throughout a certain range of values of the parameter. 

Although the name convergence factor is of recent origin, the subject itself, 
in the simple case of a convergent series, goes back to ABEL and virtually takes 
its rise in his well known theorem on the continuity of a power series. The 
successive powers of x in the terms of a power series are, in fact, convergence 
factors of a simple nature, though not ordinarily regarded as such. 

The first attempt to extend the theory of convergence factors to general types 
of divergent series was made by Frospentivus.t+ The class of series which he 
considered will be designated in this paper as summable series{ and may be 
defined as follows: Given a series 


Uy + U, + Uy 
we represent by s, the sum of its first (x + 1) terms and form 


8 +8, +8,+---+8, 


n+1 


If the limit 
lim S, 
* Presented to the Society February 23, 1907. Received for publication February 25, 1907. 
tCrelle’s Journal, vol. 89 (1880), p. 262. 
} Many authors use this term in a more general sense. 
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exists, we say that the series is summable and attach to it the value of that 
limit. It is a well known and easily established theorem that every convergent 
series is summable, and that the process of summation leads to the value of the 
series as ordinarily defined. 

The theorem proved by FROBENIUS in the article above mentioned includes 
only the simple class of convergence factors first considered by ABEL, i. e., 
successive powers of the parameter. A more general theorem was proved by 
Fes&ér,* in which the convergence factors have the form $(0), $(t),6(2¢),---. 
A similar theorem concerning still more general convergence factors was stated 
without proof by Harpy at the close of a recent paper in the Proceedings of 
the London Mathematical Society.} The present investigation had been 
begun and the essential results of §§ 1 and 2 obtained and communicated to 
Professor BOcHER before the appearance of Harpy’s paper. 

The principal results of the present paper are contained in Theorems I, II, 
IV, and V. The method of proof in these four theorems is a development of 
that used by Riemann in proving a certain lemma (cf. RriemANN, Mathematische 
Werke, 2d ed., p. 246). This lemma appears as a special case of Theorem II 
if we take f(a) = sin? na/n’a’. 


§ 1. Convergence factors in summable series. 


TueorEM I. Jf the series 


is summable and has the value S, then the series 


(1) 


will be absolutely convergent and continuous for all positive values of a, and 
will approach S as its limit when a = + 0, provided the convergence factors 
«++ satisfy the following conditions : 


F(a) is continuous (a=0), 


N 
|f.(4)| (a>0), 


*Mathematische Annalen, vol. 58 (1904), p. 62. 

Tt Ser. 2, vol. 4 (1906), part 4; p. 247. HARpDy’s results are somewhat similar to Theorems 
I and II below, but the conditions imposed on the convergence factors are decidedly different, and 
his theorems are on the whole Jess far reaching. His requirement, in the case of summable 
series, that the differences between two successive convergence factors be positive, will, I think, 
be found unnecessary if a method of proof analogous to the proof of Theorem I of this article be 
followed. 


| 
| 
| (a) 
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(d) 4) — 2 +f,,,(2) =0* (OSaSc; 0SnaSe;n=0, 


(e) — 2 + |< (2>0), 


where N, p,c, and L are positive constants. 
We must first derive the following further condition which is satisfied by the 
convergence factors, 


L 
(Sf) — Sati < gp (a>0), 


where L, is a positive constant. 
We have from condition (5) 


lim [f,(4) =0 (a>0), 
and consequently 


Hence by virtue of condition (e) 


For n = 1 we have from condition (6b) 

(3) (x21), 
and from condition (a) 

(4) Lila) (0<a<1), 
M is the greatest numerical value of [ f,(a)] in the interval 
0=a=1. Choosing as LZ, the greatest of the thre equantities J/, af, and 


2'+ LIA + p) we get (f) hy combining (2), (3), and (4). 
We shall next prove that the series (1) is absolutely convergent for every 
positive value of a. Let 


* We may substitute for the inequality in (d) the condition 
(d’) Sn (a) — nti (a) +fnt2(a) SO. 


If (d) (or (d’) ) holds for all values of n and a, (¢) is unnecessary. 
t For n= 0 we take here f,(a) =1. 


| 
n=n 
4 n=0 
e 
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If for the sake of uniformity we let S_,= S_, =, we have 
(5)  (n=0,1,2,---), 


and consequently 
u 1 1 


whence it follows that 
lim =0. 
n 


We can, therefore, take & so that 


Clee 
Combining this with condition (4) we see that the terms of (1) are, if we omit 
the first, less in absolute value than the corresponding terms of the series 
=. Nk 

Since this last series is convergent, the absolute convergence of (1) and the ex- 
istence of /’(a) for values of a > 0 follow at once. 

We may by virtue of (5) write 


F(a) =D +1) + (m1) (2)- 


In the series (6) we have a right to leave out the parentheses, since it is con- 
vergent, since each parenthesis contains only three terms, and since by condi- 
tion (6) the general term of the resulting series has the limit zero. Moreover, 
in this latter series we have a right to rearrange the terms so that terms involv- 
ing the same S are grouped together, since in the rearrangement we do not 
carry any term over more than three terms. Hence 


F(a) = (+1) 8, (6,4) — + 
Placing 7 
(8) S,=S+e, 
we have 
F(a) = (m +1) — + 
(9) 


+ (m — ®) + 
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But 


+ — =1— (nt DAA (@) + (P+ 
Whence, by condition 


and (9) reduces to 
(10) F(a) S= De (nt + 


ty (c) the series on the right hand side of (10) converges when a = 0 and 
has the value 0. Accordingly, if we can show that it is uniformly convergent 
for values of a = 0 our theorem will be proved, since by condition (a) each 
term is a continuous function of a. 
Given a positive quantity 5, arbitrarily small, we wish to show that we can 
choose q¢ so large that 


Take m > 2 and such that 
We first consider values of a in the interval 0 <a <c/2, and represent by 


s the greatest integer less than c/a. Let w and v be any two integers such 
that 


m v. 
Three cases must be considered : 
(A) 
(B) vs, 
(C) 


Beginning with case (A) we write 


(13) + 1) 2f41(2) + > R, + R,. 


n=" s+1 


By virtue of (d)* and (12) we have for FR, 


_ * The substitution of (d’) for (d) occasions only a slight modification of the proof. 


804 C. N. MOORE: CONVERGENCE FACTORS 


From condition (b) we get 
N N 


= 


and from condition (f ) 

L L 


By combining (14), (15), and (16) we obtain 
N L 


According to condition (e) we have for 2, 


Furthermore 


*.(n+1) 1 1 fil 1 2 


Hence 
2L 


< 

But 
a 
ec 
9” 
so that we have finally for ?,, 

(18) 


Combining (13), (17), and (18) we get 


p> €,(m +1) — } | 


oN + pel, + 
<9 + Pp. 1 
We consider next case (B). We have 


[April 
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N L te4 oN + 


For case (C’) we have 


= 


Thus we have proved (11) in all three cases for 0 <a <c/2, the value of ¢ 
being equal to m. 
For values of « = c/2 we have from condition (e) 


=) 
2\P (n+1) 
where £ is the greatest numerical value of the quantities €,, €,, €,,---. Since 
the series 

on+1 


is convergent, we can find m, such that 


For a = 0 the inequality (11) is obviously satisfied for all values of q since 
each f,(a)=1. If, therefore, we choose for g the greater of the two quanti- 
ties m and m,, it will hold for all values of « = 0, as was to be proved. 

Convergence factors of the form ¢(na) are an important class, and it is 
interesting to note what restrictions may be placed on ¢(2) in order that the 
conditions of Theorem I may be satisfied. We will show that if 


(i (2>0), 


(ii) $(0)=1, 


| 
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(iii) (x) exists and = 0* 


L 


then the functions ¢(0)=1, $(a), $(2a), --- satisfy the conditions of 
Theorem I. 
Condition (a) follows from the fact that the second derivative of $() exists 
for all values of ¢ = 0. Conditions (4) and (c) follow at once from (i) and (ii). 
We have (cf. Markorr, Differenzenrechnung, § 8) 


(19) $(na)—24[(n +1) a] + (0<0<2). 


Hence by virtue of (iii) condition (d) will be fulfilled, if c is there replaced by ¢/8. 

Finally, by (19) and (iv) 

and (e) is satisfied. 

The theorem of Fres&£Rr mentioned in the introduction, in which the conver- 
gence factors are functions of na, is not, in its greatest generality, a special case 
of Theorem I, but becomes so if we exclude from it all functions whose first 
derivatives have an infinite number of maxima and minima in the neighborhood 
of the origin. I shall show this by proving that if we have a function $(2) 
which satisfies the conditions of Fresé£Rr’s theorem and whose first derivative has 
not an infinite number of maxima and minima in the neighborhood of the origin, 
then it will satisfy (i)-(iv). 

Fers£r’s conditions are 


M 
|o(#)|< 


M 


(ec) $(0)=1, 
(d) (#)|< et (0=2=1), 


where p and are positive constants. 

From (d) it follows that ¢(a) is continuous in the interval O=x2=1. We 
can therefore choose a positive constant WV greater than Mand greater than the 
* We may substitute for (iii) 

(iii) 
t (d) is not explicitly stated as a condition, but is used in the course of the proof. 
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greatest numerical value of ¢(2) in the interval 0 = x = 1, so that we have 


N 
(2>0), 


and consequently (i) is satisfied. Condition (ii) is identical with (c). Since 
¢'(«#) has not an infinite number of maxima and minima in the neighborhood 
of the origin, either (iii) or (iii’) must be satisfied. By taking for Z the greater 
of the two quantities J/ and yu we have in view of (b) and (d) 


L 
(z>0), 


and (iv) is satisfied. 

Thus we see that Theorem I, when applied to functions of nz, includes 
all functions satisfying FrJs&£R’s conditions that are likely to be useful as con- 
vergence factors. In addition to this it includes an important class of functions 
that are not included in Frs&r’s theorem, i. e., functions that satisfy (i)-(iv) 
but whose second derivative becomes infinite in the neighborhood of the origin. 
An example of such a function is e~**. 

A general theorem which includes FEJér’s theorem as 4 special case but does 
not include functions of the type just mentioned is obtained by replacing condi- 
tion (d) of Theorem I by the condition 


— + << (OSnaSc). 
The proof is quite similar to the proof of Theorem I. 


§2. Convergence factors in convergent series. 


Theorem I is evidently applicable to convergent series since every convergent 
series is summable. When dealing with convergent series, however, we do not 
need to place as much restriction upon the convergence factors as in the general 
case of a summable series. This is shown by the following theorem which in 
many respects is more general than Theorem I: 

THeEorEM II. the series 


(20) + U, + +>: 
converges to the value A, then the series 
(21) Uy + (%) + 


will be absolutely and uniformly convergent for all values of «=90 and 
therefore will define a continuous function, provided the convergence factors * 


" * That the series (21) converges more rapidly than (20) appears from condition (6). 


| 
| 
| 
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«++ satisfy the following conditions : 


(a) f(a) is continuous (a=0), 
() (a>0), 
£0) =1, 

(d) 4) = 0* (n2=1, 0SnaX<e), 
(e) (2>0), 


where N, p,c and L are positive constants. 

We must first derive from the given conditions the following further 
condition : 

(a)|<K (a=0) 
where A’ is a positive constant. 

We know from condition (d) + that, for a given value of less than c, the 
functions f.(«) form a sequence that never increases as long as na does not 
exceed c. For each value of « <c we pick out the greatest integer r = c/a. 
This r satisfies the inequality 


(22) <raSe. 
We have furthermore 
But by condition (@) we can find a positive constant J such that 
(O<a<e), 


and from (0) and (22) 
N N 
S cite ? 


so that if we take as X, the greater of the two quantities M and 2'*eN/c'*?, 
we have by (23) 7 
(O<na<e). 
For na = c we have from condition (>) 


N 
* This is the only condition that is not satisfied by the convergence factors of Theorem I. We 
may substitute for it the condition 
(d’) Sn( a) —fayi(a)S0 (O=naSc). 


If (ad) (or (d )) holds for all values of n and a, (e) is unnecessary. 
Tt If we use (d’) instead of (d), the inequality signs in (22) are reversed, but this does not 
affect the reasoning. 
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For a = 0 we have from condition (c ) 
f,(0)=1. 


Hence if we choose A greater than either of the two quantities A’ and 1, we have 
the desired condition (f). Place now 

Uy + + =A 
so that 


lime, = 0, 


n=D 


and let 6 be an arbitrarily small, positive quantity. Since by condition (a) 
each term of (21) is a continuous function of a, our theorem will be proved if 
we can show that a positive integer qg exists for which 


Sura) <2 ae). 


Determine a value of m > 2 such that 


per d 


(n=m). 


We first consider values of « in the interval 0 < a < ce /2. Then 


Let s be the greatest integer less than c/a, and yw and v any two integers for 


which 

Three cases must be considered : 
(A) q 
(B) 
(C) 


Beginning with (A) we put 


= 
| 
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By virtue of (d),* (f), and (25) we have for 2, 


(28) * 
= 9 (4) — < 24m. 


For 22, we have by condition (e) 


But 
c 
and hence 


Combining (26), (27), (28), and (29) we get 


We consider next case (B). We have 


Combining this result with (26) we get 


For case (C’) we have | 


| 
which combined with (26) gives 


_* The substitution of (d’) for (d) occasions only a slight modification of the proof. 


| 
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Hence the desired inequality (24) is satisfied in all three cases, g being equal 
to m. 
For all values of a = c/2 we have 
BN _BN' Q'+e 


(2)| < = n't+e cite 


where B is the largest numerical value of the terms u,, u,, u,,---. The series 
x 1/n'*? converges, and therefore we can choose m, such that 


<8 


When a =0 the series (21) becomes the series (20), and we can so choose 
m, that 
(v2uZ2m,). 

Thus, finally, if we take for g the = of the three values m, m,, and m,, 
we have the desired inequality (24). 

The convergence factors e~"* satisfy the conditions of Theorem II. Hence if 
the series 

is convergent, the series 
a, + a,re* + 4 


converges uniformly in the interval a= 0. If now we set e~* = x/r, it follows 


or 


converges uniformly in the interval 0 =2 =r. Hence Theorem II includes 
ABEL’s theorem as a special case. 
§3. Summable integrals. General facts and lemmas. 


Let f(x) be a function which is integrable in every finite interval lying in 
the interval a =a. Then the integral 


shall be said to be summable if the limit 


= [: f(A) | 


Trans. Am. Math. Soc. 21 


i] 
| 

| 
| 
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exists ; and we attach to the integral the value of that limit. The agreement of 
this definition with the ordinary definition of an integral, is shown by the fol- 
lowing theorem : 

TueoreM III. very convergent integral is summable, and the process of 
summation gives the value of the integral ordinarily defined.* 


Put 
A 
and ‘ 
=A+e(zx), 
so that 
lim 0. 
Then 


Since the second term approaches zero as x becomes infinite, our theorem will 
be proved if we can show that the same is true of the third term. Let 5 be a 
positive constant as small as we please, and choose m so that 


<5 (a=m>0). 


Then for values of x = m we have 


The second of these terms reduces to 
r—m 
(m<a’< zx) 


and is therefore less than 8/2. We can also choose p so that when x > p the 
first term is less than 8/2. Accordingly, since 6 is arbitrary, 


and our theorem is proved. 

I shall next establish a series of lemmas that will be needed in the proof of 
the theorem concerning the introduction of convergence factors into summable 
integrals. 
 * The substance of this theorem is stated without proof by HARDy in an article in the Quar- 
terly Journal of Mathematics, vol. 35 (1903-04), p. 54. 
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Leva 1. Jf f(x) is uniformly continuous for values of x = k> 0, then 
there exists a positive constant M such that 


| < Me (r=k). 
Let us choose 6 such that 


(30) |f( +h) —f(x)|<1 Sd; 22k). 
Then for every x = k we can find a y = 0 such that 
x=k+y6. 
If n is the greatest integer not exceeding y, we have by (30) 
+ y8) (y20), 


and therefore 


k+ ys 


For values of y in the interval 0 = y <1 we have, since n = 0, 
“te 
For values of y= 1, since y= n=21, 
+ y8)| | — 2 
If then we choose as M the larger of the two constants A, and X,, we have 
+ y8)| M(k + y8) (y=0), 


|f(2)| << Me (x=k). 


Lemma 2. Jf f(x) is uniformly continuous for values of x=k>O, 
then f(x)/x? (where p is any positive constant) is uniformly continuous in the 
same interval. 

We can assume without loss of generality that k = e, where e is the base of 
natural logarithms ; for, if it is not, it follows that f(«)/x* is uniformly con- 
tinuous in the closed interval k = x = e since it is continuous in it. 

From Lemma 1 it follows that there exists a positive constant M such that 


or 


(x=k). 


Given € positive and sail small, let us choose 6 less than e/2M and 
such that 


te +h) (22k; 0<h Sd). 


| 

| 
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We have 


1 1 


For the first term on the right hand side we have 
1 1 ke 
(32) (2 php =2 
Also from the Law of the Mean 


1 1 — ph 


(p>0). 


1 


Combining (31), (32), and (33) we have 


and the lemma is proved. 
Lemma 3. Jf f(x) is uniformly continuous for values of x = k > 0, and 


the integral 
is summable, then 


tim| 


We know from Lemma 2 that /(x)/x is uniformly continuous for values of 
2=k. Given e, let us choose a positive 6 << k and such that 


Let 


= S(x). 


| 
[April 
1 1 
But 
Consequently 


1907] IN SERIES AND INTEGRALS 


Then 
(85) f(a) 


Moreover, since lim,_, S(x) exists, we can so determine x, = k that 
(36) | — 8(2)| <5 (2? 
But we have * 
(a + 28) S(x + 26) +8) 08) (0<4<2), 
whence by (36) 
| f(x + 08)| < (a + 28)| + 28) — S(x + 8)| 
S(a)|< 

Consequently, since x + 5 < 22, we get 


2+05 6~8 
It follows then from (34) that 


e 


Before taking up the other lemmas, I wish to introduce the following notation. 
Let 


(37) ¥(x)de= x(x) 
Then 


(38) [f(8)dBda= [¥(a)— ¥(a)] 
+ 


Lema 4. If f(x) is uniformly continuous for values of x=k>0, and the _ 
integral 


and therefore 


is summable, then 


From Lemma 8 it follows that for a given positive but arbitrarily small ¢, we 


* Cf. MARKOFF : Differenzenrechnunig, § 8. 


815 
| |= 
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can choose a positive x, > a such that 


(z= 4%). 
We have also from (37) 

¥(2)—¥(%) = [% + 
and consequently 


Choose x, = x, and such that 
Then 


and accordingly 


Lemma 5. Jf we have a function (x) such that 
lim [¢(x)] = C, lim [¢"(x)] =0 
where C is any constant, then it follows that 
lim [ =0 
Given ¢ positive and arbitrarily small, let us choose B such that 


From the Law of the Mean ° 


= A) (0<@<1), 


and therefore 
(40) + @)| <5 (z= B). 
Applying again the Law of the Mean, we have 
from which it follows, by (89) and (40), that 


| | 
| 
| [April 
| 
| | x, + O(x -- x,) 
< +5 (22%). 
<e 
sin 0. 


1907] IN SERIES AND INTEGRALS 


C tl 
onsequently him [$(2)]=0. 


Lemma 6. Jf f(x) is uniformly continuous for values of x =k>O and 


the integral 


lim [ = 0. 


is summable, then 


We have from (38) 


(41) 


From Lemmas 8 and 4 it follows that 


lim =0, 


and from equation (38) that 


tim | | =o. 


Hence from (41) 


Accordingly, since by hypothesis S(x) approaches a limit when 2 = oo, we 
have by Lemma 5 
lim [ S’(a)] =0. 


Lemma 7. Jf we have a function of two variables $(a, x) such that 
(a) $(a, x) is continuous in x and in a separately in the region 
R(x, =x=2,, 4,=a=2,), 


(b) x) and $'’(a, x) exist and 
in the region R, then $' (a, x) is continuous in a in the region R. 
Take any point (a,, x,) that lies in the region R. Choose a constant Ax 
such that x, + Az lies in the interval x, = x = a, and 


€ 
(42) 


where ¢ is an arbitrarily small, positive constant. 


317 
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Then choose 7 such that 
(43) + Aer) — 2, + <4 


(44) 2%) — <i (la—al <2). 
By the Law of the Mean 


x + Ax) — 
Ax 


(45) (a¢,2,+ 0dr) (0<0<1), 


(46) $(4,, $(4,, _ (a5 a, + (0<#<1). 


By subtraction of (46) from (45) and with the aid of (43) and (44) we obtain 


Applying again the Law of the Mean we have 
+ OAx) — = x, +0,0Ax) (0<6,<1), 
whence it follows by subtraction that 
+ | $7 (4 + + Ax] (a’, + 0Ax)|. 
In combination with (6), (42), and (47) this gives 
a, — (la — a! <1), 
and the lemma is proved. 


§4. Convergence factors in summable integrals. 


TueorEeM IV. If the function f(x) is uniformly continuous for all values 
of x = a, where a is any positive constant, and the integral 


[fede 


is summable and has the value S, then the integral 


(48) F(a) = x) dx 


*It is assumed in this and in the following similar inequalities that a’ lies in the interval 


= 


| 
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will be absolutely convergent and continuous for all positive values of a and 
will approach S as its limit when a= +, provided the convergence factor 
$(a, x) satisfies the following conditions for x = a: 


(a) $(a, x) is continuous in (a, x) (a=0), 

(0) $.'(a, x) exists and is continuous in (a, x) (a=0), 

N 

(c) | ©) |< (a>0), 
(d) $(0,27)=1, 

(e) =0* 
L 


where N, p,c, and L are positive constants. 
We must first derive from the given conditions the following further condi- 
tions which hold for « = a: 


(9) ¢/ (a, x) is continuous in a (a=0), 


L 
Ah) (a, |< (a>0). 


Consider the function $(a, x) in the region R(B2x2a;a2=0). By 
condition (a) this function is continuous throughout 2. We can also show at 
once that its second derivative with regard to x remains finite in the region F. 
For from (4) we know that a positive constant M exists such that 


(a,2)|<M 


and from condition (f) we have 


L L 


Accordingly the function ¢(a, x) satisfies the conditions of Lemma 7. Con- 
sequently $'(a, 2) is continuous in a in the region #, and therefore in the 
region x=a,a=0. 

By virtue of conditions (c) and (/) we have 


lim =0 (a>0), 
lim [ x) =0 (a>0). 
may substitute for (e) the condition 
-(e’) 9,’ (a,x) S0 (O0S2aSc). 


If (e) (or (e’) ) holds for all values of z and a, ( f) is unnecessary. 


| 

| 
| 

| 

| 

H 

i 
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Hence by Lemma 5 it follows that 


(49) lim = 0 (2>0), 
and consequently 

2)de =~ 2) (a>0). 
We have then 


Ly L L 


Having thus established conditions (7) and (4) we can now prove the follow- 
ing inequalities (50) and (51) which hold when «=a. By condition (c) we 
have 

N 


@)| < < gave (a>1), 


and by condition (a) we can find a positive constant A, such that 


K, (0Sa=1). 
Denoting by A the greater of the two quantities V/a*t? and A, we have 
(50) Ip(a,a)|< (a=0). 


Similarly from conditions (2) and (g) we see that a positive constant C can 
be found such that 
(51) (220). 


We shall next prove that the integral (48) is absolutely convergent for every 
positive value of a. By Lemma 1 there exists a positive constant M/ such that 
in the interval x = a we have 


| < Me. 
Consequently a 
Since also the integral 


dx 


is convergent, the absolute convergence of (48) and the existence of /’(a) for 


values of a > 0 follow at once. 
We have from (35) 


F(a)= (a, 2)de = (x) + 0) de. 


| 

| 

| 
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Integrating twice by parts we get 


Now from the definition of S(x) both S(a) and S’(a) are zero. Asx 
becomes infinite, S’(2) approaches zero by Lemma 6 and S(x) by hypothesis 
approaches S. From condition (¢c) we see further that for all positive values of 
a, $(a, x) approaches zero as x becomes infinite. 

Combining (49) with conditions (c) and (f) we obtain next 


lim [xb(a, x) =0 (a>0), 
lim 2) + 2)] =0 (a>0). 


Hence by Lemma 5 
lim (a, + $(a,2)] =0 (a>0), 


from which it follows that 
lim [xpi (a,2)] =O (a>0). 


The quantities in brackets in equation (52) therefore disappear, and we have 


(52) 


Put 


S(x) = S+e(x) 
lim e(x) = 0 


and then substitute in (53). We obtain 


F(a)=—8 8 [$,(a,2) + 26%(a, 
(54) 


so that 


But 


$.(4, #)de = — $(2,¢) (2>0), 

2) + (a, 2) = (a, = — (2>0). 
Consequently (54) reduces to 

(55) F(a)=$(a, a) S—ad'(a, a)S+ 2) de (a>0). 
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By condition (d) 
$.(0,2)=0, 


and therefore the right hand member of (55) reduces to S when a=0. Since, 
by condition (5), ¢”(a, x) is a continuous function of « for all values of a = 0 
our theorem is proved if we can show further that the integral in the right hand 
member of (55) is uniformly convergent in the interval a = 0. 

Given an arbitrarily small, positive quantity, 5, let us choose m >a and 
such that 


(56) 


(z2m). 


+ + K) + pN 


Consider first values of in the interval0 <a. Let s = c/a and mw and v 
be any two quantities such that 


Three cases must be considered 
(A) 
(B) vss, 
(C) w=s. 
Beginning with (A) we write 


By condition (e) we have 


But 


2) de = 8) — (4, a) 8) + 2) 
and consequently, in view of (4), (c), (50), and (51), 


| 


L N L N 


Hence 


L N 


| 
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From condition we have for 
L 
(69) 
Combining (57), (58), and (59) and using (56) we have 


For case (B) we have 
+p N 
We have finally for case (C’) 


L L CL 
Hence in all three cases 


For a = 0 we have 

Lad 
Finally, by taking for q the greater of the two quantities a and m, and by 

combining the results just obtained we have 
Sf 2) ae <6 (v>“24;2=0), 


and our theorem is proved. 

We assumed in Theorem IV, for the sake of simplicity of proof, that ¢ was 
greater than zero. That this assumption really places no restriction upon the 
generality of the theorem is shown by the following corollary : 
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Corotiary. If, in Theorem IV, a is any constant, and the convergence 
factor $(a,x) satisfies conditions (a), (b), (ec), (d), (e), and (f) for 
x = b, where b is any positive constant, and conditions (a) and (d) for 
a=x=b, the theorem holds without change. 

Let 


We have 


and consequently 


or 


tim [ = S—A. 


is summable and has the value (‘S— A). Therefore by Theorem IV the integral 


x)dx 


is absolutely convergent for all positive values of a, its value G(«) is continu- 
ous for such values, and 


Hence the integral 


lim G(a) = Bax A. 
Hence 


is absolutely convergent for all positive values of a. 
Let 


= H(a). 
Then 


H(0)= f = A. 


— 
| | 


1907] IN SERIES AND INTEGRALS 325 


We have by (61) 


F(a) = H(a) + G(a), 


and since H7(a) and G'(a) are continuous for all values of a> 0, F(a) is 
continuous for such values. Moreover, since H7(a) and G(a) each approach 
a limit when « = + 0, so also does F(a) and we have for that limit 


lim F(a) = H(0) + lim G(a) = 8. 


§ 5. Convergence factors in convergent integrals. 


Theorem IV is applicable to convergent integrals since by Theorem III every 
convergent integral is summable. As in the case of series, however, less re- 
striction can be placed upon the convergence factor, as is shown in the following 
theorem : 

TueoreM V. Jf the function f(x) is finite and integrable in every finite 
interval lying in the interval x = a, where a is any positive constant, and the 
integral 


(62) 

converges to the value A, then the integral 

(63) 2) de 

will be absolutely and uniformly convergent for all values of «= 90 and 


therefore will define a continuous function, provided the convergence factor * 
$( a, x) satisfies the following conditions for x = a: 


(a) $(a, x) is continuous in (a, x) (a0), 

(0) (a, x) exists (a=0), 
N 


* That the integral (63) converges more rapidly than (62) can be shown by a method precisely 
analogous to that suggested for series in a previous footnote (see page 307) since for a given value 
of a, an m can be determined such that 


<| f(x) ae! (n=m). 
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| 

(a) $(0,2)=1, 

(e) $,(a, 2) (0<m<e), 

(f) (a, < ge (a>0), 
where N, p,c, and L are positive constants. : 

We must first derive from the given conditions the following further condi- } 

tion which holds for x = a: 

(9) (aZ0), 


4 where X is a positive constant. 
We know from condition (e) + that ¢(a, x), for a given value of a, either 
decreases or remains constant with increasing x as long as «ra does not exceed c. 
We have then 


(64) $(2, a) = $(2,2)= 
But by condition (a) we can find a positive constant Mf such that 


|o(a,a)| <M (0<a<e/a), 


e\' 
so that if we take as K, the greater of the two quantities M and V/c'*? we 
have by (64) 
(65) (0<2a<e). 


and from condition (c) 


For xa = c we have from condition (c) 


NL. 
(66) |\p(a, =A, (zaZ=e). 


For a = 0 we have from condition (d) 


(67) $(0,2)=1. 


* This is the only condition that is not satisfied by the convergence factor of Theorem IV. 
We may substitute for it the condition 


20 


If (e) (or (e” )) holds for all values of x and a, (f ) is unnecessary. 
+ If we substitute (e”) for (¢), the inequality signs in (64) are reversed but this does not affect 
the reasoning. 


i 4 
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Hence if we choose X greater than either of the quantities A and 1, we have 
from (65), (66), and (67) 
K (a=0). 


Let 5 be an arbitrarily small positive quantity. Since ¢(a, x) by condition 
(a) is a continuous function of a for all values of « = 0, our theorem will be 
proved if we can show that a positive quantity g exists such that 


| 
Determine m > a and such that 


We first consider values of a>0. Integrating by parts we get 


Let s = c/a and let » and v be any two quantities such that 


(70) 


Three cases must be considered : 
(A) 
(B) 
(C) 
Beginning with (A) we write 


(71) [fre jac {+f + 


By virtue of (69) and conditions (e) and (g) we have for R, 


Trans. Am. Math. Soc. 22 


| 
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From condition (f) we have for 2, 


(78) | nL 1) nL nL 


From (70)-(73) we get 


L+8Kpe 
+ 


For case (B) we have 


<a de= 8)] < 2K, 


which combined with (70) gives 


Finally we have for case (C) 


dz 


(2) de | = [ | 2) 
L 


L 


which combined with (70) gives 


L L + Kper 
K+ — | 
< + =| 
Hence in all three cases we have established the inequality (68), g being taken 
equal to m. 
For a = 0 the integral (68) becomes the integral (62), and since the latter is 
convergent, we can choose m, such that 


|_| | 
=) <8 (»>u=m,). 


| 
| 
| 
| 
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To establish the inequality (68) we have now only to take g equal to the 
greater of the two quantities m and m,. 

Theorem V has been proved under the assumption that a is greater than zero. 
As in the treatment of summable integrals, however, the theorem can easily be 
extended to the case where a is any constant. We shall show this by proving 
the following corollary : 

Jf, in Theorem V, is any constant and the convergence factor 
(a, x) satisfies conditions (a), (b), (c), (d), (e), and (f) for x = b, where 
b is any positive constant, and conditions (a) and (d) for a=ax=b, the 
theorem holds without change. 

Let 


[ 


and consequently 


We have 


(@)de= A 
b 
Hence by Theorem V 


is absolutely and uniformly convergent for all values of « = 0 and therefore 
defines a continuous function for such values. 


Then 


is absolutely and uniformly convergent for all values of a = 0 and therefore 
defines a continuous function for such values. 

The convergence factor e~** satisfies the conditions of Theorem V. Hence if 
the integral 


f(x) dx 
is convergent, the integral 


dax 


converges uniformly in the interval a= 0. If now we set 


= Mm, e* => 


